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Abstract. A duplication is basic phenomenon that occurs through mole-
cular evolution on a biological sequence. A duplication on a string copies
any substring of the string. We define k-pseudo-duplication of a string w
that consists, roughly speaking, of all strings obtained from w by inserting
after a substring u another substring obtained from u by at most k edit
operations. We consider three variants of duplication operations, dupli-
cation, k-pseudo-duplication and reverse-duplication. First, we give the
necessary and sufficient number of states that a nondeterministic finite
automaton needs to recognize duplications on a string. Then, we show
that regular languages and context-free languages are not closed under
the duplication, k-pseudo-duplication and reverse-duplication operations.
Furthermore, we show that the class of context-sensitive languages is
closed under duplication, pseudo-duplication and reverse-duplication.

Keywords: Bio-inspired operations · State complexity · Finite
automata · Context-free grammars · Context-sensitive grammars

1 Introduction

A DNA sequence undergoes various transformations from the primitive sequence
through several biological operations such as insertion, deletion, substitution,
inversion, translocation and duplication. This phenomena on DNA sequence
lead many researchers to study theoretical properties of them [4,5,15,16,18].
Some researchers considered string matching problems with bio-inspired opera-
tions [3,5,25]. Moreover, one of the important problems in biology is sequence
comparison and there are several tools for sequence searching such that BLAST
and FASTA [22,23]. This leads some researchers to consider finite state methods
that are useful for the sequence searching problems to improve search times in
the face of exponentially increasing size of DNA sequences [2,13].

A duplicated segment of a chromosome occurs as a result of genetic recombi-
nation named chromosomal crossover [8] (see Fig. 1 for an example). Depending
on the position of cutting somewhere within two chromosomes, the first segment
of the first sequence and the last segment of the second sequence combine and
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Fig. 1. An example of chromosomal crossover between two sequences. The last segment
BCDE of the second sequence is attached to the first segment ABC of the first sequence.
As a consequence of this crossing over, a subsequence BC occurs twice.

a new sequence with duplicated region may be obtained. Moreover, duplication
of gene sequence may cause replication slippage during DNA replication and
this phenomenon is closely linked with hereditary human diseases [12,28]. Kong
et al. [19] indeed considered 736 complete chromosomes and showed that inverse
segmental duplications are an important mechanism in the growth and evolution
of genomes.

From a formal language theoretic framework, duplication leads a string
w1w2w3 to transform to the string w1w2w2w3, and this is one of the well-
studied operations in both DNA computing and formal language theory. Many
researchers have considered a variant of duplication operations. For other vari-
ants of duplication we refer the reader to the literature [9,10,17,20,26,30].
Searls [26] introduced linguistic formulations of rearrangement that occur in
evolution such as duplication, inversion, transposition and deletion. Yokomori
and Kobayashi [30] showed new representation for duplication using a set of
basic operations, primitive language operation and mapping operations. Dassow
et al. [9] defined an iterated duplication and considered closure properties of
iterated version of duplication languages in the Chomsky hierarchy. Moreover,
Dassow et al. [10] considered several operations arising from the genome evolu-
tion and noticed the result that a family of languages in the Chomsky hierarchy
is closed under duplication. Leupold et al. [20] considered two types of lan-
guages defined by a string through iterated duplications and showed the formal
language theoretical properties concerning two types of iterated duplications.
Ito et al. [17] showed closure properties for bounded iterative duplication over
alphabets of several sizes. Furthermore, some researchers considered duplication
grammars [11,21].

For the DNA evolutionary analysis, an iterated version of duplication is
regarded as multiple steps of evolutions, thus concerning the operation is natural
to study their linguistic properties. We consider general duplication operation
that occurs only once within a generation. Moreover, we introduce a new oper-
ation k-pseudo-duplication that copies any part of an input sequence allowing
a certain amount of errors. We also consider reverse-duplication, and establish
their properties. Note that Dassow et al. [10] presented similar closure properties
for inversion, transposition and duplication: They considered a pre-specified set,
and a operation works when a language contains a string in the pre-specified
set. Recently, Cho et al. [4,6] showed similar results for the pseudo-inversion
operation defined as an incomplete inversion, and estimated state complexity of
inversion operations.
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In Sect. 2, we briefly recall several notations. Then, we introduce the definitions
of duplication and reverse-duplication and we define the k-pseudo-duplication in
Sect. 3. Moreover, we give tight upper and lower bounds for the number of states
that finite automaton needs to recognize the set of (pseudo-) duplications of a
given string in Sect. 3.1. We establish some closure properties for three variants
of duplication operation in Sect. 3.2. We mention a possible future direction and
conclude the paper in Sect. 4.

2 Preliminaries

We briefly give definitions and notations used throughout the paper. The reader
may refer to the textbooks [14,27,29] for more details on formal language theory.

Let Σ be a finite alphabet and Σ∗ be the set of all strings over Σ. For
any positive integer n we use [n] to denote the set {1, 2, . . . , n}. The symbol ∅
denotes the empty language, the symbol λ denotes the empty string and Σ+

denotes Σ∗ \ {λ}. Given a string w, we denote the reversal of w by wR and the
length of w by |w|.

A nondeterministic finite automaton (NFA) is a five tuple A = (Q,Σ, δ, S, F ),
where Q is a finite set of states, Σ is a finite alphabet, δ is a multi-valued
transition function from Q × (Σ ∪ {λ}) into 2Q, S ⊆ Q is the set of initial
states and F ⊆ Q is the set of final states. Our definition of NFAs allows the
use of λ-transitions. It is well known [29] that an NFA with λ-transitions can
be converted to an equivalent NFA without λ-transitions and having the same
number of states. The automaton A is deterministic (DFA) if S is a singleton set
and δ is a single-valued transition function from Q × Σ → Q. It is well known
the NFAs and DFAs recognize the regular language [24,27].

A context-free grammar (CFG) is four tuple G = (V, T, P, S), where V a set
of non-terminal symbols, Σ is a set of final symbols, P is a set of production
rules of the form N → α for N ∈ V and α ∈ (V ∪ T )∗, and S is the initial
symbol. A language L generated by CFG is known as context-free language.

A grammar G = (V, T, P, S) is context-sensitive (CSG) if P has a set of
production rules of the form αNβ → αγβ for α, β ∈ (V ∪Σ)∗, γ ∈ (V ∪T )+ and
N ∈ V . A language L generated by CSG is said to be context-sensitive language.

The edit-distance between two strings x and y is the smallest number of
basic operations that transform x to y [1,7]. We use three operations insertion,
deletion and substitution: Given an alphabet Σ, an insertion operation that
inserts a ∈ Σ is denoted as (λ → a), a deletion operation that deletes a ∈ Σ
is denoted as (a → λ) and a substitution operation that substitutes b for a is
denoted as (a → b). We denote the edit-distance between two string x and y by
d(x, y). The Hamming distance is the number of positions in which two strings of
same length differ. Note that we use only a substitution operation for computing
Hamming distance. We denote the Hamming distance between two strings x and
y by dH(x, y).

For finding the nondeterministic state complexity of given languages, we use
a technique called the extended fooling set technique. This technique gives us a
lower bound on the size of any NFA recognizing a given language.
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Proposition 1 (Extended Fooling set technique [27]). Let L ⊆ Σ∗ be a
regular language. Suppose that there exists a set P = {(xi, wi) | 1 ≤ i ≤ n} of
pairs such that

(i) xiwi ∈ L for 1 ≤ i ≤ n,
(ii) if i �= j, then xiwj �∈ L or xjwi �∈ L, 1 ≤ i, j ≤ n.

Then, a minimal NFA for L has at least n states.

Note that a set P satisfying the conditions (i) and (ii) of Proposition 1 is called
fooling set for the language L.

3 Duplication and Pseudo-duplication

The duplication operation occurs in a bio sequence w when a substring of w is
copied abnormally. We give the formal definition of the duplication operation.

Definition 1 (Searls [26]). Let w ∈ Σ∗ be a string over the alphabet Σ, the
duplication of w is the set

D(w) = {x1x2x2x3 | w = x1x2x3, x1, x2, x3 ∈ Σ∗.}
Furthermore, Dassow et al. [9] considered the iterated duplication operation

D
∗(L) =

⋃

i≥0

D
i(L).

Note that Dassow et al. [9] considered a duplication operation (defined by
a duplication scheme) that is, roughly speaking, as in Definition 1 except that
the repeated substring is restricted to belong to a pre-specified finite set. The
language theoretic properties for the operation defined by a duplication scheme
as in Dassow et al. [9] are significantly different from our results.

We define the k-pseudo-duplication that allows k errors on the resulting
sequence. Note that during the process of DNA replication in practice some
mutations such as insertion, deletion and substitution may occur.

Definition 2. Let w ∈ Σ∗ be a string and k ≥ 0 a non-negative integer, we
define the k-pseudo-duplication of w to be

PDk(w) = {x1x2x
′
2x3 | w = x1x2x3, x1, x2, x3 ∈ Σ∗, d(x2, x

′
2) ≤ k}.

When the value of k is known from the context, or is not important, we sometimes
call the operation simply pseudo-duplication.

We also consider the reverse-duplication operation.

Definition 3 (Dassow et al. [9]). Let w ∈ Σ∗ be a string, we define the
reverse-duplication of w to be

RD(w) = {x1x2x
R
2 x3 | w = x1x2x3, x1, x2, x3 ∈ Σ∗}.
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The duplication operation, the pseudo-duplication operation and the reverse-
duplication operation are extended to languages in the following way:

(i) D(L) =
⋃

w∈L

D(w),

(ii) PDk(L) =
⋃

w∈L

PDk(w),

(iii) RD(L) =
⋃

w∈L

RD(w).

3.1 State Complexity of Duplication Operations

As we will see that the regular languages are not closed under the duplication,
pseudo-duplication or reverse-duplication operation, here we consider the state
complexity of the sets of (pseudo-) duplications of an individual string. For a
string w ∈ Σ∗, it is obvious that the languages D(w), PDk(w), and RD(w) are
regular, since all are finite. Thus we focus on the nondeterministic state com-
plexity of duplication, pseudo-duplication, and reverse-duplication operations.
We give a matching upper and lower bound for the duplication operation of a
string w.

Theorem 1. Let w ∈ Σ∗ be a string of length n, for a positive integer n. Then,
D(w) is recognized by a DFA with 2n+1 states.

Moreover, any NFA recognizing the language D(w) needs at least 2n+1 states.

Proof. Let a string w = w1 . . . wn, where wi ∈ Σ, for 1 ≤ i ≤ n. We can
also assume than n ≥ 2, since, if n = 1 we can check easily that the claim is
true. Then, we can construct the NFA Aw = (Q,Σ, δ, p1, F ) that recognizes the
language D(w). We first define the set of states Q.

Q = {p′
i | 1 ≤ i ≤ n} ∪ {pi | 1 ≤ i ≤ n + 1}

Now the transitions of the NFA Aw are as follows; δ(pi, wi) = pi+1 for all 1 ≤
i ≤ n, δ(p′

i, wi+1) = p′
i+1 for all 1 ≤ i ≤ n − 1, and δ(pi, wj) = p′

j for all
1 ≤ j < i ≤ n. The final states of Aw are the states pn+1 and p′

n. We give an
example in Fig. 2, in the case where w = x1x2x3x4.

Now, we easily verify the lower bound for the state complexity of duplication.
We note that D(w) is a finite language where the length of the longest string
is 2n. This implies that any NFA recognizing the language D(w) needs at least
2n+1 states. 
�

With similar ideas we can find the state complexity bounds for the pseudo-
duplication and reverse-duplication of a given word. We formalize these bounds
in the next two theorems.

Theorem 2. Let w ∈ Σ∗ be a string of length n, for a positive integer n. Then,
the language PDk(w), for k ≥ 1, is recognized by an NFA with k· (n+1)(n+2)

2 +n+1
states.
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Fig. 2. An illustrative example of constructing an NFA recognizing D(w), where w =
x1x2x3x4 for x1, x2, x3, x4 ∈ Σ.

Moreover, for every n0 positive integer, there is a word w0 over an alphabet
Σ with |w0| = n0 and |Σ| = |w0|, such that any NFA recognizing the language
PDk(w0), needs at least k · (|w0|+1)(|w0|+2)

2 + |w0| + 1 states.

Proof. Let a string w = x1 . . . xn, where xi ∈ Σ, for 1 ≤ i ≤ n. We can also
assume than n ≥ 2, since, if n = 1 we can check easily that the claim is true.
Then, we can construct the NFA, with λ-transitions, Bw = (Q,Σ, δ, p(0,0,k), F )
that recognizes the language PDk(w). We first define the set of states Q.

Q = {pi | 0 ≤ i ≤ n} ∪ {p(j,i,h) | 0 ≤ i ≤ n, 0 ≤ j ≤ i, and 1 ≤ h ≤ k}

Now the transitions of the NFA Bw are as follows;

(i) p(0,i,k) ∈ δ(p(0,i−1,k), xi), for all 1 ≤ i ≤ n,
(ii) p(j,i,k) ∈ δ(p(j−1,i,k), xj), for all 1 ≤ i ≤ n, 1 ≤ j ≤ i, and 1 ≤ h ≤ k,
(iii) p(j,i,k) ∈ δ(p(0,i,k), xj), for 2 ≤ i ≤ n, and 2 ≤ j ≤ i,
(iv) p(j,i,k−1) ∈ δ(p(0,i,k), ∗), for ∗ ∈ Σ ∪ {λ}, 1 ≤ i ≤ n, and 1 ≤ j ≤ i, if

k ≥ 2,
(if k = 1, then we have pj ∈ δ(p(0,i,k), ∗), for ∗ ∈ Σ ∪ {λ}, 1 ≤ i ≤ n, and
1 ≤ j ≤ i)

(v) p(j,i,h−1) ∈ δ(p(j,i,h), ∗), for ∗ ∈ Σ ∪ {λ}, 0 ≤ i ≤ n, 0 ≤ j ≤ i, and
2 ≤ h ≤ k,

(vi) p(j+1,i,h−1) ∈ δ(p(j,i,h), ∗), for ∗ ∈ Σ ∪ {λ}, 1 ≤ i ≤ n, 0 ≤ j < i, and
2 ≤ h ≤ k,

(vii) pj ∈ δ(p(j,i,1), ∗), for ∗ ∈ Σ ∪ {λ}, 0 ≤ i ≤ n, 0 ≤ j ≤ i, and 2 ≤ h ≤ k,
(viii) pj+1 ∈ δ(p(j,i,1), ∗), for ∗ ∈ Σ ∪ {λ}, 1 ≤ i ≤ n, 0 ≤ j < i, and 2 ≤ h ≤ k.

The final state of Bw is the states pn. Additionally, it is not hard to transform
the λ-NFA Bw to an equivalent NFA B′

w without λ transitions which has the
same states as Bw. We give an example of the NFA Bw in Fig. 3, in the case
where w = x1x2x3 and k = 2.

Now we will give an informal explanation of how the transitions of the NFA
Bw work. A state p(j,i,h) represents that the pseudo-duplication appears in the
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Fig. 3. An illustrative example of constructing an NFA recognizing PDk(w), where
w = x1x2x3 for x1, x2, x3 ∈ Σ and k = 2.

i-th position of w, there are i−j characters left from the inserted word, and that
h errors remain. In more details from the definition of pseudo-duplication of w,
we have all the words x1x2x

′
2x3 where w = x1x2x3, for some x1, x2, x3 ∈ Σ∗

and d(x2, x
′
2) ≤ k. The transitions that appear in (i) read the prefix of w x1x2.

The transitions in (iii) and (iv) nondeterministically split the string x1x2 to the
strings x1 and x2. The transitions in (ii) read the parts of the word x′

2 that do
not differ from the word x2. The transitions in (v) and (vii) introduce an inserted
character, in (vi) and (viii) substitute or delete a character.

Similar we can work for the correctness of the above construction. We can
prove that every word x ∈ PDk(w), it is also in L(Bw) from the construction of
Bw. Moreover, we can easily prove that for every word x ∈ L(Bw) we have that
w also belongs in PDk(w).

The number of states of the NFA Bw are n+1 from the states pi, 0 ≤ i ≤ n,
and there are k · (1+2+ . . . +(n+1)), then it has k (n+1)(n+2)

2 +n+1 states.
For the lower bound, let as have a word w0 over an alphabet Σ0 with |w0|

letters. Let assume also that every letter of the alphabet Σ0 appears in the word
w0. Then, let w0 be the word x1x2 . . . xn, for |w0| = n. Now, for defining the
extended fooling set, first let us have the following n + 1 pairs:

P ′ = {(x1x2 . . . xn(x2)kx0x1 . . . xi, xi+1 . . . xn) | 0 ≤ i ≤ n and x0 = λ}
Now, we want to transform any triple of numbers (j, i, h) to a pair of strings,
for 0 ≤ i ≤ n, 0 ≤ j ≤ i, and 1 ≤ h ≤ k. We associate the triple (j, i, h) to the
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pair (x1x2 . . . xi(xn)k−hx1 . . . xj , (xn)hxj+1 . . . xn). The P ′′ be the set of pairs
that we get by all triples (j, i, h) for 0 ≤ i ≤ n, 0 ≤ j ≤ i, and 1 ≤ h ≤ k. Now,
the fooling set will be the set of pairs P = P ′ ∪ P ′′. We notice that for any two
distinct pairs (x, y), (x′, y′) ∈ P the string xy′ or the string x′y does not belong
in PDk(w0), since the pseudo-duplication will appear in a different position or
one of these strings will have more than k errors. 
�
Theorem 3. Let w ∈ Σ∗ be a string of length n, for a positive integer n. Then,
the language RD(w) is recognized by an NFA with n2+3n+2

2 states.
Moreover, for every n ∈ N, there exists a string w of length n over an alpha-

bet of size n such that any NFA recognizing the language RD(w) needs at least
n2+3n+2

2 states.

We omit the proof of Theorem3 due to the page limitation, but Fig. 4 gives an
insight on how we compute the nondeterministic state complexity for reverse-
duplication of a string.

(0, 0) (1, 0) (2, 0) (3, 0) (4, 0)

(1, 1) (2, 1) (3, 1) (4, 1)

(2, 2) (3, 2) (4, 2)

(3, 3) (4, 3)

(4, 4)

w1

w0

w2
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w0

w0

w2

w3

w1

w3

w2

w2

w2

w1

w3

w0
w1

w1w0

w3

w3

Fig. 4. An illustrative example of constructing an NFA recognizing RD(w), where
w = w0w1w2w3 for wi ∈ Σ, 0 ≤ i ≤ 3.

3.2 Closure Properties of Duplication Operations

Next, we study the closure properties of duplication and pseudo-duplication for
regular and context-free languages. We first show that regular and context-free
languages are not closed under the duplication operation.

Theorem 4. Regular languages are not closed under the duplication operation.

Theorem 5. Context-free languages are not closed under the duplication
operation.
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Before we consider the closure properties of the pseudo-duplication operation,
we mention that regular languages and context-free languages over unary alpha-
bet are closed under the duplication, pseudo-duplication and reverse-duplication
operations.

Proposition 2. The unary regular languages are closed under the duplication,
pseudo-duplication and reverse-duplication operations.

Theorem 6. Regular languages are not closed under the pseudo-duplication
operation.

Theorem 7. Context-free languages are not closed under the pseudo-duplication
operation.

Theorems 6 and 7 show that regular and context-free languages are not closed
under the pseudo-duplication operation. On the other hand, regular and context-
free languages are closed under the pseudo-duplication operation when Σ is a
unary alphabet.

Theorem 8. Regular languages are not closed under the reverse-duplication
operation.

Theorem 9. Context-free languages are not closed under the reverse-
duplication operation.

Now, we show that the class of context-sensitive languages is closed under the
operations of duplication, pseudo-duplication and reverse-duplication. For clar-
ity, we start with the following example.

Example 1. There is a context-sensitive grammar G recognizing the copy lan-
guage L = {ww | w ∈ Σ+} over the alphabet Σ = {a, b}. We now give a
grammar with the following rules:

S → A1A
S
2 SE | B1B

S
2 SE | aa | bb B2B

E
1 → BE

1 B2

SE → A1A2S
E | B1B2S

E | AE
1 A2 | BE

1 B2 AS
2 AE

1 → AE
1 AS

2

A2A1 → A1A2 BS
2 AE

1 → AE
1 BS

2

B2A1 → A1B2 AS
2 BE

1 → BE
1 AS

2

A2B1 → B1A2 BS
2 BE

1 → BE
1 BS

2

B2B1 → B1B2 AE
1 AS

2 → aa
AS

2 A1 → A1A
S
2 BE

1 AS
2 → ba

BS
2 A1 → A1B

S
2 AE

1 BS
2 → ab

AS
2 B1 → B1A

S
2 BE

1 BS
2 → bb

BS
2 B1 → B1B

S
2 γA2 → γa, γ ∈ {a, b}

A2A
E
1 → AE

1 A2 γB2 → γb, γ ∈ {a, b}
B2A

E
1 → AE

1 B2 A1γ → aγ, γ ∈ {a, b}
A2B

E
1 → BE

1 A2 B1γ → bγ, γ ∈ {a, b}
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Where the symbols S, SE , A1, A
S
1 , AE

1 , B1, B
S
1 , and BE

1 are the non-terminal
symbols of the grammar.

Now for the correctness of the grammar, we notice that in the grammar the
non-terminal symbol A corresponds to the final symbol a and the non-terminal
symbol B corresponds to the final symbol b. Every time that the grammar pro-
duces a non-terminal symbol A for the first string, represented by A1, A

S
1 , or

AE
1 , it also produces a non-terminal symbol A for the second string, A2, A

S
2 , or

AE
2 , and vice versa. From the third rule of the first column up to the fifth rule

of the second column, the grammar makes sure that the symbols corresponding
to letters of the first string to be followed be symbols corresponding to letters
of the second string. Notice that the grammar does not change the order of
symbols which correspond to the same string. Finally, before any non-terminal
transforms into a final symbol the grammar makes sure that all non-terminal
symbols are in their correct positions. We do that by checking that the symbol
corresponding to the last letter of the first string to be before the symbol cor-
responding to the first letter of the second string. This happens with the sixth
to ninth rules of the second column and by these rules being the only rules who
can start the transformation of non-terminals to final symbols.

The careful reader may notice that in Example 1, occasionally, we use rules of
the form AB → BA which strictly speaking, they do not follow the definition of
context-sensitive grammars. Such rules could be replaced with the rules AB →
NB, NB → NA, and NA → BA by adding a new non-terminal symbol N .
We allow rules of the above form in order to keep the number of rules low and
increase readability.

Proposition 3. Let G be a context-sensitive grammar. There is a context-
sensitive grammar G′ recognizing the copy language L = {ww | w ∈ L(G)}.
Proposition 3 shows that given a context-sensitive grammar G we build a new
context-sensitive grammar that recognizes the copy language L = {ww | w ∈
L(G)}. Based on the grammar of Proposition 3 we can construct a context-
sensitive grammar that recognizes the language D(L(G)).

Theorem 10. The class of context-sensitive languages is closed under the dupli-
cation operation.

With a similar technique with Theorem10, we have the following theorem.

Theorem 11. The class of context-sensitive languages is closed under the
reverse-duplication and pseudo-duplication operations.

4 Conclusions

We have considered biologically inspired operations called the duplication and
reverse-duplication. The duplication operation on a string copies a substring
and the reverse-duplication operation copies a substring in reverse. We have
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defined the pseudo-duplication operation as an extended variant of duplication
where a substring can be repeated with some errors, and the number of errors
is specified by an integer parameter. Then, we have estimated state complexity
for these operations of a string and showed closure properties.

We have shown that the state complexity for duplication, pseudo-duplication
and reverse-duplication of a string are 2n+1, k · (n+1)(n+2)

2 +n+1 and n2+3n+2
2

respectively, where n is length of a string and k ≥ 1. Moreover, we have obtained
the closure properties of the families of languages in the Chomsky hierarchy under
three variants of duplication: Regular languages and context-free languages are
not closed under duplication, pseudo-duplication and reverse-duplication whereas
context-sensitive languages are closed under these operations.

A problem for further research is the complexity of determining whether or
not a given language L has a string that belongs to the duplication, pseudo-
duplication and reverse-duplication of another string in L. Moreover, it is also
our future work to look for deterministic, nondeterministic state complexity of
duplication and pseudo-duplication on unary regular languages.
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