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Abstract. Brüggemann-Klein and Wood have introduced a new family
of regular languages, the one-unambiguous regular languages, a very im-
portant notion in XML DTDs. A regular language L is one-unambiguous
if and only if there exists a regular expression E over the operators of
sum, catenation and Kleene star such that L(E) = L and the position
automaton of E is deterministic. It implies that for a one-unambiguous
expression, there exists an equivalent linear-size deterministic recognizer.
In this paper, we extend the notion of one-unambiguity to weak one-
unambiguity over regular expressions using the complement operator ¬.
We show that a DFA with at most (n + 2) states can be computed from
a weakly one-unambiguous expression and that it is decidable whether
or not a given DFA recognizes a weakly one-unambiguous language.

1 Introduction

Regular expressions are basic tools for numerous domains such as pattern-match-
ing or electronic document specification. A regular expression is a compact rep-
resentation for a set of words. A recurrent question is the membership problem
which is to decide whether or not a word belongs to the language denoted by an
expression. This problem can be solved by computing a recognizer called automa-
ton from a regular expression. One of the best-known automata construction is
the position construction [6,9]. If a regular expression E has n occurrences of
symbols, then the corresponding position automaton, which is not necessarily
deterministic, has exactly (n+1) states. There always exists a deterministic rec-
ognizer equivalent to the position automaton but its size can be exponentially
larger.

Brüggemann-Klein and Wood [3] introduced a subfamily of regular languages
called one-unambiguous regular languages: A regular language is one-unambiguous
if and only if there exists an equivalent regular expression the position automa-
ton of which is deterministic. XML DTDs are specified by extended context-free
grammars in which the right-hand side of the productions (content models) are
one-unambiguous [2]. These content models allow efficient compiling and testing.
It turned out that one-unambiguity is very important in XML DTDs. Therefore it
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is important to investigate the properties of one-unambiguous regular languages.
One-unambiguous regular languages are strictly included into regular languages.
We want to expand the size of the family of expressions for which there exists
a method to compute a deterministic linear-size recognizer. In this purpose, we
study generalized expressions since they often enable us to write more compact
regular expressions. For instance, Gelade and Neven [4,5] have shown that the size
of the smallest regular expression without intersection operators for the intersec-
tion of two languages denoted by simple regular expressions can be exponential.

In Section 2, we define some basic notions. We demonstrate in Section 3 that
one-unambiguous regular languages are closed neither under intersection nor un-
der complement. Note that Brüggemann-Klein and Wood [3] have shown that
one-unambiguous regular languages are closed neither under union, catenation
nor under Kleene star. A new family of regular languages closed under comple-
ment and containing the one-unambiguous regular languages is then introduced
in Section 4. We define weakly one-unambiguous regular expressions and show
that a linear-size recognizer can be computed from such an expression. We then
structurally characterize the minimal DFA of weakly one-unambiguous regular
languages.

2 Preliminaries

A deterministic finite automaton (DFA) A = (Σ, Q, i, F, δ) is a 5-tuple defined
by Σ a finite set of symbols called the alphabet, Q a finite set of states, i ∈
Q the initial state, F ⊂ Q the set of final states and δ : Q × Σ → Q the
transition function. The function δ is equivalent to the set defined by: (q, a, q′) ∈
δ if and only if q′ = δ(q, a). The function δ is extended to 2Q × Σ∗ → 2Q as
follows: ∀P ⊂ Q, ∀a ∈ Σ, ∀w ∈ Σ∗, δ(P, ε) = P , δ(P, a) =

⋃
p∈P δ(p, a) and

δ(P, a · w) = δ(δ(P, a), w). The automaton A recognizes the language L(A) =
{w ∈ Σ∗ | δ(i, w) ∈ F}. The set of recognizable languages defined by {L |
∃A a DFA, L(A) = L} is written Rec(Σ∗). A DFA is complete if ∀(q, a) ∈ Q×Σ,
Card(δ(q, a)) = 1. For every DFA A, there exists an equivalent complete DFA
A′ such that L(A′) = L(A) [13]. The left language (resp. right language) of a
state q of A is the set of words L←q (A) = {w ∈ Σ∗ | δ(i, w) = q} (resp. L→q (A) =
{w ∈ Σ∗ | δ(q, w) ∈ F}). A state q in Q is accessible (resp. coaccessible) if
and only if L←q (A) �= ∅ (resp. L→q (A) �= ∅). We say that q is a sink state if
L→q (A) = ∅. The automaton A is trim if all the states of A are accessible and
coaccessible. Two states q and q′ are equivalent with respect to the Myhill-Nerode
congruence [11,12] if and only if L→q (A) = L→q′ (A). We assume that A has a
single sink state since all sink states are equivalent. A DFA A is minimal if there
exists no DFA recognizing L(A) with less states than A. Notice that for a given
language L, all minimal DFAs recognizing L(A) are isomorphic. The minimal
DFA of L is computable from any trim DFA recognizing L by merging equivalent
states (For computation of the minimal DFA, see [1,7,10]). For a state q in a
DFA A, we denote by [q] the equivalent class of q which is a state of the minimal
DFA of A. A regular expression E over an alphabet Σ is inductively defined by
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E = a, E = ∅, E = ε, E = (F + G), E = (F · G), E = (F ∗), E = ¬(F ) with
F and G two regular expressions and a a symbol of Σ. The alphabetical width
|E| of E is the number of occurrences of symbols of E. Let L1 and L2 be two
languages. We define L1 ·L2 = {w = w1 ·w2 | w1 ∈ L1∧w2 ∈ L2}, (L1)∗ = {w =
w1 · · ·wk | k ∈ N∧∀j ∈ {1, . . . , k}, wj ∈ L1} and ¬L1 = {w ∈ Σ∗ | w /∈ L1}. The
language denoted by a regular expression E over an alphabet Σ is inductively
computed by L(a) = {a}, L(∅) = ∅, L(ε) = {ε}, L(F + G) = L(F ) ∪ L(G),
L(F · G) = L(F ) · L(G), L(F ∗) = (L(F ))∗, and L(¬F ) = ¬(L(F )), with F and
G two regular expressions and a a symbol in Σ. The regular expression E is
said to be a simple expression if it only contains sum, catenation and Kleene
star operators. As a consequence, the set of regular languages, Rat(Σ∗) = {L |
there exists a simple expression E such that L(E) = L}, is the smallest family
containing ∅ and {a} for all symbol a in Σ and which is closed under catenation,
Kleene star and sum. Kleene’s Theorem [8] asserts that Rat(Σ∗) = Rec(Σ∗).
Moreover, given a complete DFA A, a DFA cA such that L(cA) = ¬L(A) can be
computed by switching non-final the final states and vice versa. The automaton
cA is the complement of A. Therefore, the set of regular languages is closed
under complement.

A subset O of states of a DFA A is an orbit if and only if, for every pair of
states (q, q′) in O2, there exists a string w in Σ+ such that q′ = δ(q, w) and
if for every state q in Q \ O, either there exists no word w in Σ∗ such that
δ(q, w) ∈ O, or there exists no word w in Σ∗ such that δ(O, w)∩{q} �= ∅. Notice
that a strongly connected component is not necessarily an orbit, since a singleton
without a loop is a strongly connected component but not an orbit. The gates
of an orbit O are the states belonging to the set gates(O) defined by: {o ∈ O |
∃a ∈ Σ, q ∈ Q \ (O ∪ sink(A)), δ(o, a) = q} ∪ (O ∩F ). Let j be a state of O. The
automaton of the orbit O for j is the automaton AO,j = (Σ, O, j, gates(O), δO)
where δO = δ ∩ (O × Σ × O). The language recognized by the automaton AO,j

is called the orbit language of O for j. The orbit O is transverse if and only if
the two following conditions are checked:

(1) ∀q, q′ ∈ gates(O), ∀a ∈ Σ: δ(q, a) /∈ O \ sink(A) ⇒ δ(q, a) = δ(q′, a).
(2) ∀q, q′ ∈ gates(O), q and q′ are both either final or non-final.

A symbol a in Σ is A-consistent if and only if there exists a state f(a) such that
every final state of A has a transition to f(a) labelled by a. A set Σ′ ⊂ Σ is
A-consistent if and only if every symbol a of Σ′ is A-consistent. If Σ′ is an A-
consistent set of symbols, the Σ′-cut of A, denoted by AΣ′ , is obtained by delet-
ing every transition labelled by a symbol a in Σ′ and starting from a final state.
The position automaton or Glushkov automaton of a simple regular expression
E is an (n + 1)-state automaton that recognizes L(E) (see [6,9] for construction
rules). A simple expression E is one-unambiguous if and only if its Glushkov au-
tomaton is deterministic [3]. A regular language is one-unambiguous if and only
if there exists a one-unambiguous regular expression denoting it. For details on
one-unambiguous regular languages and properties, refer to Brüggemann-Klein
and Wood [3].
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3 One-Unambiguous Languages are Not Closed under
Boolean Operators

Regular languages are closed for basic operators such as catenation, union,
Kleene star, intersection or complement. On the other hand, for one-unambiguous
regular languages, Brüggemann-Klein and Wood [3] noticed that they are closed
neither under union, catenation nor under Kleene star. We show that one-
unambiguous regular languages are closed neither under intersection (Example 1)
nor under complement (Example 2).

Example 1. Let E1 = (b(c + ε))∗ and E2 = b(c(b + ε))∗ + c(b + ε)(c(b + ε))∗ be
two one-unambiguous regular expressions. Their minimal DFAs A1 and A2 are
given in Figure 1. The minimal DFA A3 of the language L(A1)∩L(A2) is given
Figure 2. We can see that L(A3) is not one-unambiguous, since there does not
exist nonempty A-consistent subset of Σ (see Theorem F [3]).

1 2

b

c

b

1 2 3
b

c

c

b

c

Fig. 1. The Automata A1 and A2

{1, 1} {2, 2} {1, 3}b

c

b

Fig. 2. The Automaton A3

Example 2. Let A1 and A2 be two minimal DFAs given in Figure 3. The
automaton A2 recognizes the language ¬(L(A1)). The language L(A1) is one-
unambiguous, while L(A2) is not, since there does not exist nonempty
A-consistent subset of Σ (see Theorem F [3]).
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Fig. 3. The Automata A1 and A2

From the results (union, catenation and Kleene star) of Brüggemann-Klein
and Wood [3] and Examples 1 and 2, we establish the following statement:
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Proposition 1. One-unambiguous regular languages are closed neither under
union, catenation, Kleene star, intersection nor under complement.

We have seen that one-unambiguous languages are not closed under com-
plement. As a consequence, the characterization theorem for one-unambiguous
languages has to be rewritten in order to deal with the complement operator. It
leads to a new notion, the weak one-unambiguity.

4 The Weak One-Unambiguity

We exhibit a new family of languages closed under complement and containing
the one-unambiguous languages family. The Kleene-like theorem of Brüggemann-
Klein and Wood (Theorem D [3]) is transformed in order to deal with comple-
ment closure. This new family of regular languages is called the weakly one-
unambiguous languages. We first define two particular subsets of symbols in Σ.
Let L be a language over an alphabet Σ. The sets First(L) and FollowLast(L)
are defined as follows: First(L) = {a ∈ Σ | ∃w ∈ Σ∗, aw ∈ L}, FollowLast(L) =
{a ∈ Σ | ∃w, w′ ∈ Σ∗, w �= ε, w ∈ L ∧ waw′ ∈ L}.
Definition 1. The family of weakly one-unambiguous expressions over an al-
phabet Σ is the family E inductively defined as follows:
(1) ∅, ε, and a are in E, for each symbol a in Σ,
(2) if E1, E2 ∈ E and First(L(E1)) ∩ First(L(E2)) = ∅, then E1 + E2 ∈ E,
(3) if E1, E2 ∈ E, FollowLast(L(E1)) ∩ First(L(E2)) = ∅ and (ε /∈ L(E1) ∨
First(L(E1)) ∩ First(L(E2)) = ∅), then E1 · E2 ∈ E,
(4) if E1 ∈ E and FollowLast(L(E1)) ∩ First(L(E1)) = ∅, then E∗1 ∈ E,
(5) if E1 ∈ E, then ¬(E1) ∈ E.

Definition 2. A language L is weakly one-unambiguous if and only if there
exists a weakly one-unambiguous expression denoting L.

The two following definitions are used to characterize the minimal DFA of a
weakly one-unambiguous language.

Definition 3. Let A be a complete DFA and cA be its complement. The au-
tomaton A satisfies the transverse property if and only if for all orbit O in A,
one of the two following propositions is satisfied:
(1) O is transverse in A and ∀i ∈ O, AO,i satisfies the consistence property;
(2) O is transverse in cA and ∀i ∈ O, (cA)O,i satisfies the consistence property.

Definition 4. Let A be a complete DFA and cA be its complement. The au-
tomaton A satisfies the consistence property if and only if for all orbit O in A,
one of the two following propositions is satisfied:
(1) there exists a nonempty subset Σ′ of Σ such that Σ′ is A-consistent and
AΣ′ satisfies the transverse property;
(2) there exists a nonempty subset Σ′ of Σ such that Σ′ is cA-consistent and
(cA)Σ′ satisfies the transverse property.
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Even if the two previous definitions seem to be dependent, each one checks
the other on a smaller automaton (an orbit automaton or a Σ′-cut). Since there
are no more orbits at the end, this dependency stops eventually. Note that both
properties are satisfied by an acyclic automaton. The transverse property char-
acterizes the minimal DFA of weakly one-unambiguous languages.

Theorem 1. A regular language is weakly one-unambiguous if and only if its
complete minimal DFA satisfies the transverse property. Furthermore, if E is
an n symbol weakly one-unambiguous expression, the minimal DFA of L(E) has
at most n + 2 states.

In order to prove this theorem, we first show that minimization preserves the
transverse property (Section 4.1), and then we demonstrate the necessity and the
sufficiency of the transverse property to characterize the weak one-unambiguity
(Section 4.2 and Section 4.3).

4.1 Minimization Preserves the Transverse Property

Lemma 1. Let A be a DFA and A′ be its minimal DFA. For all orbit O′ in
A′, there exists an orbit O in A such that ∀p ∈ O, [p] ∈ O′ ∧ (p ∈ gates(O) ⇔
[p] ∈ gates(O′)). The orbit O is said to be a a lift of O′.

Proof. Let A = (Σ, Q, i, F, δ) and A′ = (Σ, Q′, i′, F ′, δ′). Let O′ be an orbit
in A′ and [p] be a state in O′. There exists p in A such that p ∈ [p]. (1)
For all [q] in O′, there exist two words w1 and w2 such that δ′([p], w1) = [q]
and δ′([q], w2) = [p]. As a consequence, there exists a state q ∈ [q] such that
δ(p, w1) = q and δ(q, w2) = p′ ∈ [p]. This does not imply that p and q are in
a same orbit O. However, by repeating these words and since A is a DFA, an
orbit O is accessible from p such that for all p′ in O, [p′] ∈ O′. (2a) Let [p]
be in gates(O′) and p be a state in O such that p ∈ [p]. If [p] is final, so does
p. If there exists a symbol a in Σ such that δ′([p], a) /∈ O′ ∪ sink(A′), it holds
δ(p, a) /∈ O ∪ sink(A) (otherwise contradiction with p ∈ [p]). As a consequence,
p is in gates(O). (2b) Let O be one of the last accessible orbist in A satisfying
(1) (considering the partial order of accessible orbits). Let p be a gate of O.
Suppose that [p] is not a gate. Consequently, p has to be a non-final state. As
a consequence, there exists a transition from p going out of O (but not in the
sink state) by a letter a such that δ′([p], a) ∈ O′ ∪ sink(A′). This implies either
δ(p, a) = sink(A) or there is another orbit O2 accessible from δ(p, a) satisfying
(1). Contradiction in both cases.

Lemma 2. Let A′ be a minimal DFA and O′ be a transverse orbit in A′. For
every j′ in O′, A′O′,j′ is minimal.

Proof. Let j′ be a state in O′. We consider the automata A′ = (Σ, Q′, i′, F ′, δ′)
and A′O′,j′ = (Σ, O′, j′, gates(O′), δ′′). Let p′1 and p′2 be two equivalent states
in (A′O′,j′). For all w in Σ∗, δ′′(p′1, w) and δ′′(p′2, w) are equivalent. Since O′

is transverse, for every word w such that δ′(p′1, w) /∈ O′, δ′(p′2, w) = δ′(p′1, w).
This equivalence is preserved in A′. Therefore if p′1 �= p′2, contradiction with the
minimality of A′.
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Lemma 3. Let A be a complete DFA and A′ be its complete minimal DFA. Let
O′ be an orbit in A′ and O be a lift of O′. For all j in O, if there exists an
AO,j-consistent symbol a in Σ, then a is A′O′,[j]-consistent and (A′O′,[j]){a} is
the minimal automaton of L((AO,j){a}).

Proof. Let j be a state in O. Let A′O′,[j] = (Σ, Q′, [j], F ′, δ′) and (A′O′,[j]){a} =
(Σ, Q′, [j], F ′, δ′′). (1) If there is a symbol a in Σ such that a is not A′O′,[j]-
consistent, there exist two gates [q′1] and [q′2] in O′ such that δ′([q′1], a) ∈ O′

and δ′([q′1], a) �= δ′([q′2], a). As a consequence, there exist two gates q1 and q2

of O such that q1 ∈ [q′1], q2 ∈ [q′2] and δ(q1, a) ∈ O and δ(q1, a) �= δ(q2, a).
Finally, a is not AO,j -consistent. (2) Let us prove that (A′O′,[j]){a} is minimal
and that L((AO,j){a}) = L((A′O′,[j]){a}). If AO,j is a-consistent, (I) implies that
A′O′,[j] is a-consistent. (a) Let p′1 and p′2 be two nonequivalent states in A′O′,[j].
By definition, there exists a symbol b �= a in Σ such that δ′(p′1, b) �= δ′(p′2, b),
and by construction of (A′O′,[j]){a}, δ′′(p′1, b) �= δ′′(p′2, b). By Lemma 2, A′O′,[j]
is minimal, and so is (A′O′,[j]){a}. (b) Let (AO,j){a} = (Σ, Q, j, F, δ). The word
w is in L((AO,j){a}) ⇔ δ(j, w) ∈ F ⇔ δ′′([j], w) ∈ F ′′ ⇔ The word w is in
L((A′O′,[j]){a}).

Proposition 2. Let A be a complete DFA and A′ be its complete minimal DFA.
If A satisfies the transverse property, so does A′.

Proof. Assume that A′ does not satisfy the transverse property. Then there
exists an orbit O′ in A′ such that one of the four following cases occurs: (I)
Suppose that O′ is not transverse in A′. Let p′ and q′ be two gates in O′.
According to Lemma 1, there exists an orbit O in A containing two nonequivalent
states p and q such that p is merged into p′ and q is merged into q′; moreover,
since p′ and q′ are two gates of O′, so are p and q in O. (a) If p′ and q′ do
not have the same finality, neither do p nor q. (b) Let a be a symbol in Σ
such that δ′(p′, a) /∈ (O′ ∪ sink(A′)) and δ′(q′, a) �= δ′(p′, a). As a consequence,
δ(q, a) �= δ(p, a) and δ(p, a) /∈ (O∪sink(A)). In both cases, O is not transverse in
A. (II) If O′ is an orbit which is not transverse in cA

′, the same argument as (I)
leads to the existence of an orbit O which is not transverse in cA. (III) Suppose
that O′ is transverse in A′ and there exists [k] in O′ such that A′O′,[k] does not
satisfy the consistence property. Let O be a lift of O′. Let j be a state in O which
is in [k]. Then [k] = [j]. (a) Suppose that there exists no nonempty subset Σ′ of Σ
which is A′O′,[j]-consistent. As a consequence, every symbol a in Σ is not A′O′,[j]-
consistent. If a in Σ is not A′O′,[j]-consistent, according to Lemma 3, a is not
AO,j-consistent. (b) Suppose that a is a AO,j-consistent symbol. According to
Lemma 3, the automaton (A′O′,[j]){a} is the minimal automaton of L((AO,j){a}).
By recurrence on the number of transitions of the automata, according to (I)
and (II), if (A′O′,[j]){a} does not satisfy the transverse property, neither does
(AO,j){a}. (IV) If O′ is an orbit which is transverse in cA

′, we let O be a lift
of O′ and j be a state in O such that A′O′,[j] does not satisfy the consistence
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property. A similar argument as (III) leads to the fact that AO,j does not satisfy
the consistence property.

Finally, if A′ does not satisfy the transverse property, neither does A.

4.2 From a Weakly One-Unambiguous Expression to a Linear-Size
DFA Satisfying the Transverse Property

We show how to inductively compute a minimal DFA from a weakly one-unambi-
guous expression E. In a complete minimal DFA, we distinguish, if they exist,
two particular states: the sink state and the c-sink, the only state q such that
L→q = Σ∗. Notice that the c-sink of A is the sink state of cA. For a set Q of states
in A, we denote by Q+ the set {q ∈ Q | ∃w ∈ Σ+, δ(i, w) = q ∧ q /∈ sink(A) ∪
sink(cA)}}. We show that Q+ has at most |E| elements. As a consequence, since
Q = Q+ ∪ {i} ∪ sink(cA), Q has at most |E| + 2 elements.

Lemma 4. Let A1 = (Σ, Q1, i1, F1, δ1) and A2 = (Σ, Q2, i2, F2, δ2) be two min-
imal DFAs satisfying the transverse property such that

First(L(A1)) ∩ First(L(A2)) = ∅.
Let A = (Σ, Q, i, F, δ) be the minimal DFA of L(A1)∪L(A2). The two following
propositions are satisfied:

(1) the automaton A satisfies the transverse property,
(2) Card(Q+) ≤ Card(Q+

1 ) + Card(Q+
2 ).

Proof. Let us consider the automaton A′ = (Σ, Q′, i, F ′, δ′) defined by Q′ =
Q1 ∪Q2 ∪ {i}, F ′ = F1 ∪F2 ∪ {i} if ε ∈ L(A1)∪L(A2), F ′ = F1 ∪F2 otherwise,
and δ′ = δ1 ∪ δ2 ∪ {(i, a, p) | (i1, a, p) ∈ δ1 ∨ (i2, a, p) ∈ δ2}. As First(L(A1)) ∩
First(L(A2)) = ∅, A′ is deterministic.
By construction, since an orbit in
A′ is an orbit in A1 or in A2,
A′ satisfies the transverse prop-
erty; moreover, w ∈ L(A′) ⇔
δ′(i, w) ∈ F ′ ⇔ δ1(i1, w) ∈ F1 ∨
δ2(i2, w) ∈ F2 ⇔ w ∈ L(A1) ∨
w ∈ L(A2). Consequently, A′ rec-
ognizes L(A1) ∪ L(A2). According
to Proposition 2, the complete min-
imal DFA of L(E) satisfies the
transverse property. By construc-
tion, Card(Q′+) = Card(Q+

1 ) +
Card(Q+

2 ); finally, Card(Q+) ≤
Card(Q+

1 ) + Card(Q+
2 ).

i

Firsti1 Last

Firsti2 Last

A1

A2

Σ1

Σ1

Σ2

Σ2

Fig. 4. The Automaton of L(A1) ∪ L(A2)

Lemma 5. Let A1 = (Σ, Q1, i1, F1, δ1) and A2 = (Σ, Q2, i2, F2, δ2) be two min-
imal DFAs satisfying the transverse property such that

(ε /∈ L(A1) ∨ First(L(A1)) ∩ First(L(A2)) = ∅)
and FollowLast(L(A1)) ∩ First(L(A2)) = ∅.
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Let A = (Σ, Q, i, F, δ) be the minimal DFA of L(A1) · L(A2). The following
propositions are satisfied:

(1) the automaton A satisfies the transverse property,
(2) Card(Q+) ≤ Card(Q+

1 ) + Card(Q+
2 ).

Proof. Let us consider the automaton A′ = (Σ, Q′, i, F ′, δ′) defined by Q′ =
Q1 ∪ Q2 ∪ {i}, F ′ = F1 ∪ F2 ∪ {i} if ε ∈ L(A1) ∧ ε ∈ L(A2), F ′ = F1 ∪ F2

if ε /∈ L(A1) ∧ ε ∈ L(A2), F ′ = F2 otherwise, and δ′ = δ1 ∪ δ2 ∪ {(i, a, p) |
(i1, a, p) ∈ δ1 ∨ (i1 ∈ F1 ∧ (i2, a, p) ∈ δ2} ∪ {(p, a, p′) | p ∈ F1 ∧ (i2, a, p′) ∈ δ2}.
Since (ε /∈ L(A1) ∨ First(L(A1)) ∩ First(L(A2)) = ∅) and FollowLast(L(A1)) ∩
First(L(A2)) = ∅, A′ is deterministic. By construction, an orbit O in A′ is an
orbit in A1 or in A2; if O is in A2, the transverse property is preserved; if O is
in A1, as the only transitions added are going out of O, the orbit languages are
preserved; moreover, the new transitions preserve transversality: if a transition
is added, its origin q is a final state, which is a gate in O; if O is transverse in
A1, all the other gates are final and transitions are also added.
If q is a non-final gate in cA1, all
these gates are non final in cA1 and
final in A1, consequently transitions
out of them are also added. If q is a
final state in A1 which is not a gate
in cA1, for all symbol a in Σ, either
δ′(q, a) = sink(cA1) or δ′(q, a) ∈ O.
As a consequence, every symbol a
in Σ is in FollowLast(L(E1)). Ei-
ther L(A2) = ∅ or L(A2) = {ε} and
there is no transition added, or con-
tradiction with FollowLast(L(A1))∩
First(L(A2)) = ∅.

i

Firsti1 Last

Firsti2 Last

A1

A2

Σ1

Σ1

Σ2

Σ2

Fig. 5. The Automaton of L(A1) ·L(A2) in
the case where ε /∈ L(A1) and ε /∈ L(A2)

As a consequence, A′ satisfies the transverse property. Moreover, w ∈ L(A)
⇔ δ′(i, w) ∈ F ′ ⇔ (w = w′aw′′ ∧ δ2(δ′(δ1(i1, w′), a), w′′) ∈ F2) ∨ (δ′(i2, w) ∈
F2 ∧ i1 ∈ F1)∨ (δ1(i1, w) ∈ F1 ∧ ε ∈ L(A2)) ⇔ w ∈ L(A1) ·L(A2). Consequently,
A′ recognizes L(A1) · L(A2). According to Proposition 2, the complete minimal
DFA of L(E) satisfies the transverse property. By construction, Card(Q′+) =
Card(Q+

1 ) + Card(Q+
2 ); finally, Card(Q+) ≤ Card(Q+

1 ) + Card(Q+
2 ).

Lemma 6. Let A1 = (Σ, Q1, i1, F1, δ1) be a minimal DFA satisfying the trans-
verse property such that

FollowLast(L(A1)) ∩ First(L(A1)) = ∅.
Let A = (Σ, Q, i, F, δ) be the minimal DFA of L(A1)∗. The two following

propositions are satisfied:
(1) the automaton A satisfies the transverse property,
(2) Card(Q+) ≤ Card(Q+

1 ).

Proof. Let us consider the automaton A′ = (Σ, Q′, i, F ′, δ′) defined by Q′ =
Q1 ∪ {i}, F ′ = F1 ∪ {i}, and δ′ = δ1 ∪ {(i, a, p) | (i1, a, p) ∈ δ1} ∪ {(p, a, p′) |
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p ∈ F1 ∧ (i1, a, p′) ∈ δ1}. Since FollowLast(L(A1)) ∩ First(L(A1)) = ∅, A′ is
deterministic. By construction, there is only one orbit which is transverse.
Furthermore, the set First(L(A1)) is
A′-consistent, and the First(L(A1))-
cut of A′ is A1. As a consequence,
A′ satisfies the transverse property.
Moreover, w ∈ L(A) ⇔ δ′(i, w) ∈ F ′

⇔ w = w1w2 · · · · · ·wk ∧ δ′(i, w1) ∈
F ′ ∧ δ′(i, w2) ∈ F ′ . . . δ′(i, wk) ∈
F ′ ⇔ w1 ∈ L(A1) ∧ w2 ∈
L(A1) . . . wk ∈ L(A1) ⇔ w ∈
L(A1)∗. Consequently, A′ recognizes
L(A1)∗.

i

Firsti1 Last

A1

Σ1

Σ1

Σ1

Fig. 6. The Automaton of L(A1)
∗

According to Proposition 2, the complete minimal DFA of L(A′) satisfies the
transverse property. By construction, Card(Q′+) = Card(Q+

1 ); finally, Card(Q+)
≤ Card(Q+

1 ).

Lemma 7. Let A1 = (Σ, Q1, i1, F1, δ1) be a minimal DFA satisfying the trans-
verse property. Let A = (Σ, Q, i, F, δ) be the minimal DFA of ¬L(A1). The two
following propositions are satisfied:

(1) the automaton A satisfies the transverse property,
(2) Card(Q+) = Card(Q+

1 ).

Proof. By construction, cA1 is the complete minimal DFA of ¬(L(A1)), which
satisfies the transverse property. By construction, Card(Q′+) = Card(Q+

1 ); fi-
nally, Card(Q+) = Card(Q+

1 ).

Proposition 3. Let E be a weakly one-unambiguous expression and A′ be the
minimal DFA of L(E). Then A satisfies the transverse property and A has at
most |E| + 2 states.

Proof. According to Lemma 4, Lemma 5, Lemma 6 and Lemma 7.

4.3 From a Minimal Automaton Satisfying the Transverse Property
to a Weakly One-Unambiguous Expression

We show that the language denoted by a DFA satisfying the transverse property
is weakly one-unambiguous. Let A = (Σ, Q, i, F, δ) be a DFA and q be a state
in Q. The q-starting automaton Aq of A is the accessible part of the automaton
(Σ, Q, q, F, δ). Note that Aq is a subautomaton of A and L(Aq) = L→q (A).

Proposition 4. Let A be a DFA satisfying the transverse property. Then L(A)
is weakly one-unambiguous.

Proof. We show how to inductively compute LA
q = L(Aq) from A = (Σ, Q, i, F, δ)

and we show that LA
q is weakly one-unambiguous.

(I) Suppose that Q is not an orbit.
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(a) If i is in an orbit O which is transverse in A, let Σ′ be the subset {a ∈ Σ |
∀q ∈ gates(O), δ(q, a) /∈ O}. Let us consider the language L′ defined by L′ =
(LO,i) ·(

⋃
a∈Σ′({a}·LA

f(a))) if gates(O)∩F = ∅ or L′ = (LO,i) ·({ε}∪
⋃

a∈Σ′({a}·
LA

f(a))) otherwise, where, LO,i is the orbit language of O beginning in the state i

(see (II)). A word w is in LA
i if and only if it can be split into w = w1w2 where w1

is a path from i to a gate g of O and w2 a path from g to a final state of A which is
a nonempty path in Ag if w2 �= ε. As a consequence, LA

i = L′. By recurrence on
the number of transitions and according to (II), LO,i and L′′ =

⋃
a∈Σ′({a}·LA

f(a))
are weakly one-unambiguous. If ε ∈ LO,i ∧ First(LO,i) ∩ First(L′′) �= ∅, then
there exist two transitions labelled by the same symbol going out of i, which
contradicts the determinism. If FollowLast(LO,i) ∩ First(L′′) �= ∅, then there
exist two transitions labelled by the same symbol going out of a gate of O,
one going in O, and the other in f(a), which contradicts the determinism. As a
consequence, L′ is weakly one-unambiguous.
(b) If i is in an orbit O which is transverse in cA, then LA

i = ¬(LcA
i ) which is

weakly one-unambiguous according to (a).
(c) If i is not in an orbit, LA

i =
⋃

a∈Σ({a}·LA
δ(i,a)) if i /∈ F , LA

i = {ε}∪⋃
a∈Σ({a}·

LA
δ(i,a)). By recurrence on the number of transitions, LA

i =
⋃

a∈Σ({a} · LA
δ(i,a))

is weakly one-unambiguous.
(II) Suppose that Q is an orbit. Let Σ′ be a subset of Σ.
(a) If Σ′ is A-consistent, let us consider the language L′ = L

AΣ′
i · (⋃a∈Σ′({a} ·

L
AΣ′
f(a) ))∗. Since AΣ′ satisfies the transverse property, according to (I), L

AΣ′
i is

weakly one-unambiguous. By recurrence on the number of transitions, L′′ =
⋃

a∈Σ′({a} · LAΣ′
f(a) ) is weakly one-unambiguous. Suppose that FollowLast(L′′) ∩

First(L′′) �= ∅; then there exist two transitions labelled by the same symbol
going out of a gate of the orbit, one leading to f(a) and the other to another
state of O. Contradiction with determinism. The same contradiction is implied
if ε ∈ L

AΣ′
i ∧First(LAΣ′

i )∩Σ′ �= ∅ or FollowLast(LAΣ′
i )∩First(L′′) �= ∅. Finally,

since a word w in L(A) can be split up into w1 · w2 such that w1 is the label of
a path from i to a final state and w2 the label of a path from a final state to
another final state, w is in L′.
(b) If Σ′ is cA-consistent, then LA

i = ¬(LcA
i ), which is weakly one-unambiguous

according to (a).

Example 3. Consider the automaton A in Figure 7. It is composed by the four
orbits O1 = {2, 3}, O2 = {4, 5} and the singleton {1} and {6}. The singletons
trivially satisfy the transverse property. The orbit O1 is transverse in A and O2

1 2 3 4 5 6

b

a

b
a

b

a

b
a

b

a

a,b

Fig. 7. The automaton A
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is transverse in the complement of A. As a consequence, it can be denoted by the
weakly one-unambiguous expression E = b∗ab∗a(bb∗a)∗(ε + a¬(b∗a(bb∗a)∗))).

5 Conclusion

Content models of XML DTD are one-unambiguous [3]. Usually, the size of a
regular expression can be reduced using the complement operator. Thus the
closure property of one-unambiguous regular languages is important in XML
applications. We have demonstrated that one-unambiguous regular languages are
closed neither under intersection nor under complement. We have also considered
one-unambiguous regular languages with complement closure property (weak
one-unambiguity). We have investigated the closure properties of weakly one-
unambiguous regular languages and the state complexity of the languages on
some operations. Finally, we have shown that as far as weakly one-unambiguous
regular expressions are concerned, a linear-size deterministic recognizer can be
computed in order to decide whether or not a word belongs to the language
denoted by a non-simple regular expression.
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