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Abstract. An inversion is one of the important operations in bio se-
quence analysis and the sequence alignment problem is well-studied for
efficient bio sequence comparisons. We investigate the string matching
problem allowing inversions: Given a pattern P and a text T , find all
indices of matching substrings of T when non-overlapping inversions are
allowed. We design an O(nm) algorithm using O(m) space, where n is
the size of T and m is the size of P . The proposed algorithm improves
the space complexity of the best-known algorithm, which runs in O(nm)
time with O(m2) space. We, furthermore, improve the algorithm and

achieve O(max{n,min{nm,nm
5−t
2 }}) average runtime for an alphabet

of size t, which is faster than O(nm) when t ≥ 4.

1 Introduction

In modern biology, it is important to determine exact orders of DNA sequences,
retrieve relevant information of DNA sequences and align these sequences [1,
7, 10, 11]. For a DNA sequence, a chromosomal translocation is to relocate a
piece of the DNA sequence from one place to another and, thus, rearrange the
sequence [8]. A chromosomal inversion is a reversal and complement of a DNA
sequence. Chromosomal inversion occurs when a single chromosome undergoes
breakage and rearrangement within itself [9]. For instance, consider a string w =
w1w2 · · ·wi−1wiwi+1 · · ·wk.

w′ = w1 · · ·
translocation

︷ ︸︸ ︷

wi+2wi+3 wi−1wiwi+1 · · ·wk, w′′ = w1 · · ·
inversion

︷ ︸︸ ︷

wi+2wi+1wwi−1 · · ·wk.

Here w′ is a translocation of w and w′′ is an inversion of w.
Based on these biological events, there is a well-defined string matching prob-

lem: given two strings P and T with two operations—translocation or inversion—
the string matching problem is to find all matching substrings of T that match
P under the operations.
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Many researchers investigated efficient algorithms for this problem [1–6, 11,
12]. Note that inversions in strings are not automatically detected by the tradi-
tional alignment algorithms [12]. Schöniger and Waterman [11] introduced the
alignment problem with non-overlapping inversions and showed a dynamic pro-
gramming algorithm that computes local alignments with inversions between two
strings of length n and m in O(n6), where n ≥ m. Vellozo et al. [12] presented
an improved O(n2m) algorithm. They built a matrix for one string and partially
inverted the other string using table filling method in the extended edit graph.
Recently, Cantone et al. [1] introduced an O(nm) algorithm using O(m2) space
for the string matching problem, which is to find all locations of a pattern P
of length m with respect to a text T of length n based on non-overlapping in-
versions. Cho et al. [4] introduced an O(n3) algorithm using O(n2) space that
solves the alignment problem allowing inversions to two strings of length n.

We consider the same problem that Cantone et al. [1] examined and tackle
the problem by taking a different approach based on the relationship between
substrings generated by inversions. We start from designing an algorithm for
two strings of the same length. Based on the algorithm, we design an O(m2)
algorithm using O(m2) space that checks the existence of the matching at a given
index of T with respect to P . We, furthermore, modify the algorithm to process
m indices simultaneously and present a new algorithm that finds all matching
substrings of T in O(nm) time using O(m) space, which uses less amount of space
compared with the best-known algorithm—O(nm) time and O(m2) space [1].
Finally, based on the frequency of character appearances in a random string,

we prove that our algorithm can achieve O(max{n,min{nm, nm
5−t
2 }}) average

runtime for an alphabet of size t by adding a permutation match filter suggested
by Grabowski et al. [5]. For a DNA pattern, our algorithm runs in O(n

√

(m)),
which outperforms the previous algorithm. Moreover, for t ≥ 5, our algorithm
runs in O(n) time.

2 Preliminaries

Let A[a1][a2] · · · [an] be an n-dimensional array, where the size of each dimen-
sion is ai for 1 ≤ i ≤ n. Let A[i1][i2] · · · [in] be the element of A at an in-
dex (i1, i2, . . . , in). Given a finite set Σ of characters and a string w over Σ, let
|w| be the length of w and w[i] be the symbol of w at position i, for 1 ≤ i ≤ |w|.
We use w[i : j] to denote a substring w[i]w[i+1] · · ·w[j], where 1 ≤ i ≤ j ≤ |w|.

Let the symbol θ denote inversion1. Then, θ(w) is the inversion of w. Given
a range (i, j), we define the inversion operation θ(i,j)(w) to be θ(w[i : j]), the
inversion of the substring w[i : j]. We say that θ(i,j) yields the string θ(i,j)(w)
from w. The size of θ(i,j) is |θ(i,j)| = j − i + 1. When the context is clear, we
denote θ(i,j) as (i, j).

1 In biology, inversion is a composition of a reversal operation and a complement
operation. However, inversion is often regarded as reversal in the string matching
and alignment literature for the simplicity of analysis. We also follow this convention.
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We define a sequence Θ = ((p1, q1), (p2, q2), . . . , (pk, qk)) of inversions for a
string w to be non-overlapping if it satisfies the following conditions: For 1 ≤
i ≤ k, p1 = 1, qk = |w|, pi ≤ qi and pi+1 > qi for 1 ≤ i ≤ k − 1. Since
θ(w) = w if |w| = 1, we can assume that all positions of w are within one of
the ranges in a sequence of non-overlapping inversions; For example, given a
string of size 6, two sequences of non-overlapping inversions ((1, 2), (5, 6)) and
((1, 2), (3, 3), (4, 4), (5, 6)) result in the same string. Therefore, we further assume
that pi+1 = qi+1 for 1 ≤ i ≤ k−1. When the context is clear, we call a sequence
of non-overlapping inversions just a sequence of inversions.

Now, in summary, given a sequence Θ = ((p1, q1), (p2, q2), . . . , (pk, qk)) of
inversions and a string w,

Θ(w) = Θ[1](w)Θ[2](w) · · ·Θ[k](w).

Definition 1 (Problem). Given a text T and a pattern P , we define the ap-
proximate string matching problem allowing inversions to be finding all indices i
of T that has a sequence Θi of inversion satisfying Θi(P ) = T [i : i+m−1].

3 The Algorithm

We tackle the approximate string matching problem allowing inversions using
θ(P )—the inversion of P . We start with a special case when |P | = |T | and extend
the idea to the general case when |P | ≤ |T |. For example, suppose that P =
AGTCTAG and T = TGACATG. A sequence Θ = ((1, 3), (4, 4), (5, 6), (7, 7))
of inversions makes Θ(P ) = T . The sequence of Θ[i](P ) can be represented on
θ(P ) in the reverse order; the sequence (TGA,C,AT,G) of strings yielded by Θ
appears as the reversed sequence (G,AT,C, TGA) in θ(P ).

Observation 1 (Relationship between Θ(P ) and θ(P )). Given a sequenceΘ
of inversions and a pattern P , θ(P ) = Θ[k](P )Θ[k−1](P ) · · ·Θ[1](P ), where k =
|Θ|.
Definition 2 (Successfully comparable substring and paired string).
Based on Observation 1, we say that T [i : i+l−1] is a successfully comparable
substring (SCS in short) for the given index i, given length l, strings T and θ(P )
of the same length m if θ(P )(m+2−i−l,m+1−i) = T [i : i+l−1]. Moreover, we call
the left-handed side of the equality a paired string of a successfully comparable
substring (PSCS in short).

Definition 3 (Sequence of successfully comparable substrings). We de-
fine a sequence S(a,b) to be a sequence of successfully comparable substrings for
the given range (a, b), strings T and θ(P ), where S(a,b)[j] = T [ij : ij+lj−1] is
an SCS for T and θ(P ), i1 = a, i|S(a,b)| + t|S(a,b)| − 1 = b and ij+1 = ij + lj for
1 ≤ j < |S(a,b)|.
It is clear that if S(1,m) exists for T and θ(P ) such that |T | = |P | = m, then
there exists Θ satisfying Θ(P ) = T . We design a simple algorithm that retrieves
S(1,m) from T and θ(P ) as described in Algorithm 1. Fig. 1 is an example of the
algorithm.
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Algorithm 1.

Input: Strings T and θ(P ) of length m
Output: Sequence S(1,m) of SCSs

1 i ← 1, l ← 1
2 while i ≤ m do
3 if T [i : i+l−1] is an SCS then
4 add T [i : i+l−1] to S(1,m)

5 if i+l−1 = m then return S(1,m) i ← i+ l, l ← 1

6 else l ← l + 1

7 return “no S(1,m) exists”

Lemma 1. It takes O(m2) time and O(m) space to retrieve S(1,m) from T and
θ(P ), where |T | = |P | = m.

Note that the algorithm always compares substrings with increasing order of
length and chooses the shortest SCS. It may seem possible that, at some index,
the algorithm chooses a shorter SCS where there exists a longer SCS that should
be chosen for S(1,m). We prove that such a case is impossible.

Theorem 2. For given strings T and θ(P ) of length m, given an index i and
given lengths l1 and l2 where l1 < l2, if T [i : i+l1−1] and T [i : i+l2−1] are SCSs,
there always exists a sequence S(i,i+l2−1) of SCSs such that S(i,i+l2−1)[1] = T [i :
i+l1−1]. Namely, if there exist two SCSs from an index i, then the longer string
can always be expressed as a sequence of SCSs that starts with the shorter string.

For all cases, at some index, if there exist both a shorter and a longer SCSs,
then the longer string is always decomposed to a sequence of SCSs starting with
the shorter string. Now we can adapt the algorithm for the approximate pattern
matching problem.

As a running example for describing the algorithm for the approximate pattern
matching, we use P = GTTAG and T = TGTGATTG. For each index i, we
start from building a table Ri

P [m][m], where

Ri
P [j][k] =

{

Ri
P [j−1][k−1] + 1 if T [i+k−1] = P [j],

0 otherwise.
(1)

The role of Ri
P is as follows: we regard each diagonal in Ri

P as θ(P ), and calculate
the length of the longest SCS that ends at each index of θ(P ).

The process of finding S(1,m) for each index of T is described in Algorithm 2.
We claim that Algorithm 2 returns a correct answer for the approximate string

matching problem for an index i and establish the following result:

Lemma 2. Algorithm 2 returns true if and only if there exists a sequence S(1,m)

of SCSs for strings P and T [i : i+m−1].
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θ(P ) =

T = T G A C A T G

G A T C T G A

G A T C T G

G
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G A T C

G A T

G A

G

G

θ(P ) =

θ(P ) =

θ(P ) =

θ(P ) =

θ(P ) =
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T =
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T =
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T =

A

T
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A T G

T
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Fig. 1. Comparing θ(P ) and T . Red boxes represent comparing lengths. SCSs (and
their PSCSs in θ(P )) are erased for better readability.

Algorithm 2 shows the existence of a sequence of SCSs for an index i and
requires O(m2) space. Next, we show how to reduce the space requirement by
relying on the properties of Ri

P .

Observation 3 (Properties of Ri
P ). For an index i, Ri

P has the following
properties:

1. Ri
P [j][k] = Ri+1

P [j][k − 1] for all i, j, k.

2. The value of Ri
P [j][k] is computed from Ri

P [j−1][k−1] and T [i+k−1] (from
Equation (1)).

The first property of Observation 3 ensures that there exists a table RP [m][n],
where Ri

P [j][k] = RP [j][i+k−1] for all i, j, k. In other words, there exists a
common table from which we can retrieve every Ri

P [j][k] value. The second
property of Observation 3 ensures that we need only the (i+k−2)th column of
RP and T [i+k−1] to construct the (i+k−1)th column of RP . Based on these
properties, we design an improved algorithm that requires O(m) space instead
of O(m2).

In Algorithm 3, R[m][2] is the table that keeps the (i− 1)th and ith columns
of RP , and pi is a pointer indicating the corresponding investigating cell for an
index i. Note that line 8 to 9 of Algorithm 3 is same as running Algorithm 2
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Fig. 2. An example of building R1
P . The symbol in each cell represents the character

in θ(P ) which is compared to the character in T . The number at the bottom right of
each cell represents the length of the longest SCS, which is the element in R1

P .

Algorithm 2.

Input: Pattern P of length m, text T of length n, index i
Output: S(1,m) for an index i

1 j ← m

2 construct Ri
P [m][m]

3 for k ← 1 to m do
4 if Ri

P [j][k] ≥ j + k −m then
5 add T [i+m−j : i+k−1] to S(1,m)

6 j ← m− k

7 if j = 0 then return S(1,m) else return “no S(1,m) exists”

on m indices simultaneously to retrieve indices that match P . We show that
Algorithm 3 runs in O(nm) time using O(m) space.

Lemma 3. Algorithm 3 runs in O(nm) time using O(m) space, where m = |P |
and n = |T |.
From Lemmas 2 and 3, we know that Algorithm 3 returns a correct answer
for our problem in Definition 1. We establish the following statement for our
problem:

Theorem 4. We can solve an approximate string matching problem for inver-
sions in Definition 1 in O(nm) time using O(m) space, where m is the size of
the pattern and n is the size of the text.

Note that Algorithm 3 improves the space complexity compared with the previ-
ous algorithm by Cantone et al. [1] while keeping the same runtime.

4 Average Runtime Analysis

Now we consider the frequency of character appearances in T and improve the
average runtime when the alphabet size |Σ| = t is larger than 3. The improved
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Fig. 3. Searching the existence of S(1,m) for the first index. S(1,m) = {TG, T,GA}. The
algorithm actually finds the ending cells of all PSCSs. Arrows in R1

P shows the track
of inspection cells.

Algorithm 3.

Input: Pattern P of length m, text T of length n
Output: every index i where S(1,m) exists

1 build R[m][2].
2 initialize R[j][1] as 0 for all j.
3 for i ← 1 to n do
4 for j ← 1 to m do
5 if T [i] = P [j] then R[j][2] ← R[j−1][1] + 1 else R[j][2] ← 0

6 pi = m
7 for j ← 1 to m do
8 if R[pi−m+j ][2] ≥ pi−m+j − j + 1 then pi−m+j ← j − 1

9 if pi−m+1 = 0 then return i−m+ 1 R[j][1] = R[j][2] for all j.

algorithm runs in O(n
√
m) when t = 4, which is the case of a DNA or RNA

pattern. Moreover, the algorithm runs in linear time when t ≥ 5.

Observation 5. If there exists a sequence Θi of inversions at an index i such
that Θi(P ) = T [i : i+m−1], then T [i : i+m−1] is a permutation of P .

Based on Observation 5, we add a filter module that checks whether or not
T [i : i+m−1] is a permutation of P at an index i before line 4 of Algorithm 3.

The following probability analysis is from Grabowski et al. [5]. Suppose Σ =
{σ1, σ2, . . . , σt} and |Σ| = t. Without loss of generality, assume thatm is divisible
by t and k = m

t . It requires O(n) time and O(t) space to return all i such that
T [i : i + m − 1] is a permutation of P [5]. Assume that P and T are random
strings in which each character has 1

t occurrence probability for each position.
Let Pr{π} be the probability that the substring T [i : i+m−1] is a permutation
of P . Then we have

Pr{π} ≤ t
t
2

m
t−1
2

. (2)

Based on Observation 5, instead of examining all substrings of size m of T ,
we only need to consider the substrings of size m of T that are permutations
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Fig. 4. An example of Algorithm 3 for i = 2 and i = 5. Since p1 = 0 for i = 5, there
exists a matching for i = 1.

of P . Suppose line 4 to 9 of Algorithm 3 takes cm number of calculations.
Then, with Pr{π}—the probability that T [i : i+m−1] is a permutation of P—in
Equation (2) and (n−m+1) substrings of T , we have an upper bound of average
runtime

AUB1 =
t

t
2

m
t−1
2

× (n−m+ 1)× cm2 = O(nm
5−t
2 ).

AUB1 is calculated under the assumption that we run the non-overlapping
inversion matching algorithm to each permutation-matched index independently,
similar to the average runtime analysis in [5]. Now we compute a smaller upper
bound of the average runtime by tightly analyzing Algorithm 3.

In Algorithm 3, line 4 to 9, which takes cm, is repeated from index i to i+m−1
to check the non-overlapping inversion matching for i. Therefore, if we apply the
permutation filter to Algorithm 3, cm is required for an index i if one of the
indices from i − m + 1 to i has a permutation matching. The probability that
one of the indices from i −m+ 1 to i has such a matching is

1−
(

1− t
t
2

m
t−1
2

)m

.

Therefore, we have another upper bound of average runtime

AUB2 =

(

1−
(

1− t
t
2

m
t−1
2

)m)

× cm× (n−m+ 1) = O(nm
5−t
2 ). (3)

Fig. 5 compares the upper bound calculations for AUB1 and AUB2. From the
figure, we know that AUB2 ≤ AUB1. Though the order of AUB1 and AUB2 are
the same, we retrieved an upper bound of average runtime smaller than AUB1.

Note that our average runtime in Equation (3) becomes faster than O(nm)
when t ≥ 4 and becomes sublinear when t ≥ 6. Combined with the runtime of
the permutation filter [5], we establish the following statement for our problem:
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(a) (b)

T T

= cm2 cm cm cm cm cm cm cm cm cmcm cm cm

cm cm cm

cm cm cm

cm cm cm

cm cm cm

Fig. 5. Upper bound analysis of number of calculations for (a) AUB1 and (b) AUB2 for
m = 3. Colored boxes in T represent the indices where permutation matching occurs.

Theorem 6. We can solve an approximate string matching problem for inver-

sions in Definition 1 in O(max{n,min{nm, nm
5−t
2 }}) average runtime using

O(m) space, where m is the size of P , n is the size of T and t is the size of Σ.

Theorem 6 guarantees a faster runtime—O(n
√
m)—for a DNA string over Σ =

{C,G, T,A} and t = 4. Furthermore, for t ≥ 5, the algorithm shows a linear
runtime.

5 Conclusions

An inversion is an important operation for bio sequences such as DNA or RNA
and is closely related to mutations. We have examined the string matching prob-
lem allowing inversions. Given a text T , a pattern P where |P | = m ≤ n = |T |,
our algorithm finds all indices i in which there is a matching alignment between
P and T [i : i+m−1] in O(nm) time using O(m) space. Moreover, we improve

the algorithm and achieve O(max{n,min{nm, nm
5−t
2 }}) average runtime using

O(m) space for an alphabet of size t. Compared with the previous algorithm,
the new algorithm improves the space complexity, and shows a better average
runtime for t ≥ 4. A possible future direction is to consider multiple patterns
instead of a single pattern for the pattern matching problem.
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