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1. Introduction

The state complexity of regular languages is one of the fundamental questions of automata theory
and has been studied for over half a century. The state complexity of basic operations on regular
languages was considered first by Maslov [1] but the work remained little known. Recent work on
operational state complexity was initiated by Yu et al. [2] and A. Salomaa et al. [3] first considered
the state complexity of combined operations. Further information on descriptional complexity can be
found in the survey by Holzer and Kutrib [4], and Gao et al. [5] review operational state complexity
in more detail.

Research on state complexity is not limited to finite automata. The descriptional complexity of
other formal systems such as tree automata [6, 7, 8], and input-driven pushdown automata (a.k.a.
nested word automata) [9, 10] has been studied. Piao and Salomaa [11] considered the state com-
plexity of sequential and parallel tree concatenation, Han et al. [7] studied the state complexity of star
operations on regular tree languages and Ko et al. [12, 13] studied the operational state complexity for
subclasses of regular tree languages.

It can be noted that while many aspects of the state complexity of tree languages, including the
operational state complexity results for the Boolean operations, are similar to the corresponding results
for regular string languages, the state complexity of sequential concatenation of tree languages differs
from the string case by an order of magnitude [11]. Since a tree is a two-dimensional structural object
whereas a string is a sequence of characters, the concatenation of trees is more complicated than string
concatenation and the analogy of the concatenation operation is tree substitution. Different types of
tree substitutions have been considered in the literature [14, 15, 11]. Since people rely on trees to
represent structural data [16, 17, 18], such as XML schemas or XML instances, tree concatenation is
a crucial operation in XML migration or XML schema integration. This observation motivates us to
consider a new tree concatenation operation.

The sequential concatenation of two trees is defined by substituting the first tree for a leaf node
of the second tree, and the parallel concatenation of two trees is defined by substituting the first tree
for all leaves of the second tree. We define the k-parallel concatenation, k ∈ N, of tree languages L1

and L2, to consist of trees of L2 where exactly k leaves have been replaced by some trees of L1. The
k-parallel concatenation can be viewed as an intermediate form between the sequential (k = 1) and
parallel tree concatenation operations.

We study the state complexity of the k-parallel tree concatenation. We show that (m + 1
2) ·

(n + 1) · 2nk − 1 states are sufficient to recognize the k-parallel tree concatenation of tree languages
recognized by deterministic bottom-up tree automata with, respectively, m and n states. We present
a matching lower bound when k = 2. With k = 1 the operation coincides with the sequential tree
concatenation and a matching lower bound is known [11]. We also consider the state complexity of
the same operation in the special case where the second tree language is the set of all trees, and give
a significantly improved state complexity upper bound compared with the general bound with n = 1.
We show that this bound is tight for all values of k.

We consider state complexity in terms of deterministic bottom-up tree automata [14, 19, 15] and
consider automata operating on ranked trees where the label of the node determines the number of
children. Also the state complexity of unranked tree automata has been considered [8]. However, the
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notations become essentially more complicated in the unranked case and, furthermore, the state com-
plexity results for ranked tree automata are similar to the bounds on the numbers of vertical states
for unranked tree automata. The previous work on the operational state complexity of tree au-
tomata [7, 11] uses ranked tree automata.

2. Tree automata and k-parallel tree concatenation

First we briefly recall basics of finite tree automata and regular tree languages. For all unexplained
notions and more information on tree automata we refer the reader to the books [14, 19].

The cardinality of a finite set S is |S|. A ranked alphabet Σ is a finite set where each element
is assigned with a nonnegative integer rank. We denote the set of elements of rank m by Σm ⊆ Σ
for m ≥ 0. The set of ranked trees over Σ is defined as the smallest set S satisfying the condition:
if m ≥ 0, σ ∈ Σm and t1, . . . , tm ∈ S, then σ(t1, . . . , tm) ∈ S. The set of all ranked trees over
Σ is denoted FΣ. If u1, . . . , uk are nodes of a tree t ∈ FΣ, and s1 . . . , sk ∈ FΣ, we denote by
t(u1 ← s1, . . . , uk ← sk) the tree obtained from t by replacing the subtree at node ui with si,
i = 1, . . . , k. Two nodes of a tree are said to be independent if neither one is a predecessor of the
other. For a set U of pairwise independent nodes of t and S ⊆ FΣ, we denote by t(U ← S) the set of
trees obtained from t by replacing the subtree at each node of U by some tree in S.

A nondeterministic bottom-up tree automaton (NTA) is specified by a tuple A = (Σ, Q,Qf , g),
where Σ is a ranked alphabet, Q is a finite set of states, Qf ⊆ Q is a set of final states and g associates
to each σ ∈ Σm a mapping σg : Qm −→ 2Q, where m ≥ 0. For a tree t = σ(t1, . . . , tm) ∈ FΣ,
we define inductively the set tg ⊆ Q by setting q ∈ tg if there exist qi ∈ (ti)g, for 1 ≤ i ≤ m, such
that q ∈ σg(q1, . . . , qm). Intuitively, tg consists of the states of Q that A may reach at the root after
reading the tree t. The tree language accepted by A is defined as L(A) = {t ∈ FΣ | tg ∩Qf 6= ∅}.

The intermediate stages of a computation of A, or configurations of A, are trees where some
leaves may be labeled by states of A. Thus, the set of configurations of A consists of Σ′-trees, where
Σ′0 = Σ0 ∪ Q and Σ′m = Σm when m ≥ 1. The automaton A is a deterministic bottom-up tree
automaton (DTA) if, for each σ ∈ Σm, where m ≥ 0, σg is a partial function Qm −→ Q.

The NTAs and DTAs define the class of regular tree languages. A regular tree language (over a
ranked alphabet) has a unique state minimal DTA and minimality of a DTA can be checked similarly as
for ordinary finite automata by verifying that all states are reachable and pairwise inequivalent [14, 19].

Note that we allow a deterministic tree automaton to be incomplete, that is, some transitions may
be undefined. Naturally when dealing with ranked tree automata, the optimal sizes of a complete and
an incomplete DTA differ by at most one state. On the other hand, descriptional complexity results
for unranked tree automata change significantly if one would require all transitions to be defined. The
transitions of an unranked tree automatonA are defined in terms of regular languages, called horizontal
languages. Each horizontal language is specified by a an incomplete deterministic finite automaton
(DFA) that processes strings of states of the bottom-up computation, or vertical states, and the size
of A is the sum of the number of vertical states and the number of states of the DFAs specifying the
horizontal languages. Requiring all transitions to be defined changes, in the worst case, dramatically
the number of horizontal states [7, 11]. In order to keep our results compatible with the bounds for the
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numbers of vertical states in unranked tree automata, we use here incomplete deterministic tree au-
tomata.

LetA = (Σ, QA, QA,F , gA) be a DTA. DenoteQ′A = QA∪{dA}, where dA is a new element. The
completion ofA is the DTAA = (Σ, Q′A, QA,F , g

′
A) where for σ ∈ Σm,m ≥ 0, and q1, . . . , qm ∈ Q′A

we set

σg′A(q1, . . . , qm) =

{
σgA(q1, . . . , qm) if σgA(q1, . . . , qm) is defined,
dA otherwise.

Note that when all transitions of A are defined, the state dA of A is useless. If A is a minimal DTA
with some transitions undefined, then A is the equivalent minimal complete DTA.

Here we consider a tree concatenation where the substitutions occur at exactly k leaves. We denote
the set of leaves of a tree t by leaf(t). For k ≥ 1, we define the k-parallel tree concatenation of a set
of trees T1 ⊆ FΣ and t2 ∈ FΣ as follows:

T1 ·pk t2 = { t2(S ← T1) | S ⊆ leaf(t2), |S| = k }.

The operation is extended in the natural way for two sets of trees T1, T2 ⊆ FΣ by setting T1 ·pk T2 =⋃
t2∈T2

T1 ·pk t2. Figure 1 illustrates 4-parallel tree concatenation.
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Figure 1: The left figure shows a tree t and the right figure shows a tree obtained as a result of 4-parallel
tree concatenation of a tree language T and the tree t. The triangles depict trees in T .

The 1-parallel concatenation, roughly speaking, coincides with sequential tree concatenation [11]
with the minor technical difference that we allow substitutions to occur at all leaves while the sequen-
tial concatenation of [11] specifies also the labels of leaves to be substituted.

We consider also an “at least k”-parallel concatenation operation T1 ·p≥k T2 =
⋃

m≥k T1 ·pm T2,
where at least k leaves of a tree of T2 are replaced by some trees of T1.

The following technical notion will be used later. Let t ∈ FΣ and L ⊆ FΣ. For j ∈ N, the
L-j-quotient of t is tL-j-quot = { r ∈ FΣ | t ∈ L ·pj r }. Intuitively, the L-j-quotient of t consists of
trees that can be completed to t by replacing exactly j leaf nodes by trees of L.
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3. Results

We begin by giving an upper bound for the state complexity of k-parallel tree concatenation. The
upper bound for 1-parallel concatenation coincides with the corresponding bound for sequential σ-
concatenation [11] although the definitions have a minor technical difference.

Lemma 3.1. Let k ∈ N and letA andB be DTAs withm and n states, respectively. The tree language
L(A) ·pk L(B) can be recognized by a DTA of size (m+ 1

2) · (n+ 1) · 2nk − 1.

Proof:
Let A = (Σ, Q′A, QA,F , gA) and B = (Σ, Q′B, QB,F , gB) be the completions of A and B. (We denote
the transition relations of the completions simply as gA and gB .) Thus, if QA and QB are the state
sets of A and B, respectively, we have Q′A = QA ∪ {dA} and Q′B = QB ∪ {dB} and |Q′A| = m+ 1,
|Q′B| = n + 1. We construct a DTA C = (Σ, P, PF , h) for the tree language L(A) ·pk L(B) where
P = Q′A ×Q′B × (2QB )k, and PF consists of tuples

(q, p,R1, . . . , Rk), q ∈ Q′A, p ∈ Q′B, Ri ⊆ QB, 1 ≤ i ≤ k, where Rk ∩QB,F 6= ∅,

and the transitions of h are defined as follows: For σ ∈ Σ0 we define

σh =


(σgA , σgB , ∅, . . . , ∅︸ ︷︷ ︸

k copies

) if σgA ∈ Q′A −QA,F ,

(σgA , σgB , {τgB ∈ QB | τ ∈ Σ0}, ∅, . . . , ∅︸ ︷︷ ︸
k−1 copies

) if σgA ∈ QA,F .
(1)

Note that the set {τgB ∈ QB | τ ∈ Σ0} is nonempty unless L(B) = ∅. To define the transitions of C
on r-ary symbols, r ≥ 1, we denote an arbitrary state of P as

(q,R0, R1, . . . , Rk), q ∈ Q′A, R0 = {p}, p ∈ Q′B, R1, . . . , Rk ⊆ QB.

For notational convenience, the state of Q′B appearing as the second component of an element of P is
denoted as a singleton subset with subindex 0. The idea is that the states of the set Ri, 0 ≤ i ≤ k, are
all states that the DTA B may be in assuming that in the current subtree exactly i leaf nodes have been
replaced by a tree of L(A). The set R0 consists of dB if the computation of B is undefined when no
leaf has been replaced by a tree of L(A).

In the following, elements of a set Ri are called elements of index i, 0 ≤ i ≤ k.

Now consider σ ∈ Σr, r ≥ 1, and let vi = (qi, Ri,0, Ri,1, . . . , Ri,k), 1 ≤ i ≤ r, be any r states of
P , where qi ∈ Q′A, Ri,0 = {ri}, ri ∈ Q′B , Ri,j ⊆ QB , 1 ≤ j ≤ k. Now define

σh(v1, . . . ,vr) = (σgA(q1, . . . , qr), σgB (r1, . . . , rr), S1, . . . , Sk),

where the sets Si ⊆ QB , 1 ≤ i ≤ k, are defined as follows. For i ∈ {2, . . . , k},

Si = { σgB (u1, . . . , ur) ∈ QB | uj ∈ Rj,`j , j = 1, . . . , r, and
r∑

j=1

`j = i }. (2)
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Note that the definition requires that the elements σgB (u1, . . . , ur) must be in QB and, in particular,
this means that a choice `j = 0 can be made only when the only element of Rj,`j is not the dead state
dB . Note also that in the above definition of Si some indices `j1 and `j2 may be equal for j1 6= j2.

Finally, for i = 1 define

S1 = { σgB (u1, . . . , ur) ∈ QB | (∃1 ≤ j ≤ r)uj ∈ Rj,1 and u` ∈ R`,0 when ` 6= j } ∪X, (3)

where X =

{
{τgB ∈ QB | τ ∈ Σ0} if σgA(q1, . . . , qr) ∈ QA,F ,

∅ if σgA(q1, . . . , qr) 6∈ QA,F .

The set S1 is obtained by “combining” exactly one element of index one (from one of the preceding
states of C) with other elements of index zero. Additionally, when the first component simulating the
computation of the DTA A reaches a final state, the set S1 contains all elements the DTA B may reach
at any leaf node.

Consider a computation of the DTA C in a state (q,R0, R1, . . . , Rk). The intuitive meaning of
the components of the state is a follows. The first component q simply simulates the computation of
the DTA A. The elements in a component Ri, 0 ≤ i ≤ k, consist of all possible states of QB that the
DTA B may reach assuming exactly i leaves below have been substituted by a tree of L(A). Recall
that, according to our convention, R0 is always a singleton subset of Q′B , where the added state dB
represents the possibility that the computation of B has failed.

The claim below verifies that the states appearing in computations of C actually satisfy the prop-
erties described in the above paragraph.

Claim 1. Let t ∈ FΣ and th = (q,R0, R1, . . . , Rk) ∈ P . Then
(i) q = tgA , and R0 = {tgB} (which allows the possibility tgB = dB),
(ii) Ri = { rgB ∈ QB | r ∈ tL(A)-i-quot }, 1 ≤ i ≤ k.

Proof of the claim. Item (i) follows directly from the definition of the transition function h which on
the first (respectively, second) component of the states of C directly simulates the computation of the
DTA A (respectively, B). Below we verify claim (ii) using structural induction on the input tree t.

When t = σ ∈ Σ0, the transition rules in (1) make R1 to be the set of all states that B can reach at
a leaf node exactly when σgA is a final state of A and R1 to be ∅ otherwise. Note also that when t is
an element of Σ0, for all j ≥ 2, the L(A)-j-quotient of t is the empty set.

Next consider t = σ(t1, . . . , tr), σ ∈ Σr, r ≥ 1, where the claim holds for trees ti for 1 ≤ i ≤ r.

(a) We note that, for 2 ≤ j ≤ k, the L(A)-j-quotient of t consists of all trees that can be completed
to t by replacing exactly j leaves of the trees t1, . . . , tr by a tree of L(A), that is,

tL(A)-j-quot = { σ(s1, . . . , sr) | s` ∈ (t`)L(A)-i`-quot, ` = 1, . . . , r, 0 ≤ i` ≤ k,
r∑

`=1

i` = j }.

Since inductively the claim holds for the trees t1, . . . , tr, this means that the rule (2) selects the correct
states for the set Rj .
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(b) In the case j = 1, we note that tL(A)-1-quot contains all trees σ(s1, . . . , sr), where for some
1 ≤ ` ≤ r, s` ∈ (t`)L(A)-1-quot and sx = tx when x 6= ` and 1 ≤ x ≤ r. Additionally when
t ∈ L(A), the set tL(A)-1-quot contains all elements of τ ∈ Σ0 such that τgB 6= dB . This means that
again the rule (3) assigns the correct states to the set R1. This concludes the proof of Claim 1. /

Claim 1 together with the choice of the set of final states PF of C implies that the DTA C recog-
nizes the tree language L(A) ·pk L(B). The number of states of C is (m+ 1) · (n+ 1) · 2nk. It remains
to verify that some states (q,R0, R1, . . . , Rk) ∈ P of C must always be unreachable or cannot be
used in any accepting computation. We note that when q ∈ QA,F and the state (q,R0, R1, . . . , Rk) is
reached either according to rule (1) or according to rule (2), then R1 must contain all states that B can
reach at leaf nodes. Since the statement of Lemma 3.1 holds trivially when L(A) = ∅ or L(B) = ∅,
we can assume that the DTAs A and B both accept a nonempty tree language. In this case |QA,F | ≥ 1
and B must reach at least one state on leaf nodes, which gives at least (n + 1) · 2nk−1 unreachable
states. Furthermore, the state (dA, dB, ∅, . . . , ∅) is a dead state of C and can be omitted. By omitting
the unreachable states and the dead state, C has the claimed number of states. ut

3.1. Matching lower bound for 2-parallel concatenation

Next we give a lower bound construction that reaches the upper bound of Lemma 3.1 when k = 2.
We choose the ranked alphabet Σ = Σ0 ∪ Σ1 ∪ Σ2, where Σ0 = {d},Σ1 = {a, b, e}, and Σ2 = {c}.
Let MA = (Σ, QA, QA,F , gA) be the DTA, where QA = {0, 1, . . . ,m − 1}, QA,F = {m − 1}, and
the transition function gA is defined by setting

• dgA = 0, agA(i) = i, 0 ≤ i ≤ m− 1,

• bgA(i) = i+ 1, 0 ≤ i ≤ m− 2, and bgA(m− 1) = 0,

• egA(i) is undefined for 0 ≤ i ≤ m− 1,

cgA(i, j) =


i if i = j,

0 if i 6= j, and i = 0 or j = 0,

undefined otherwise,

0 ≤ i, j ≤ m− 1. (4)

Let MB = (Σ, QB, QB,F , gB) be a DTA, where QB = {0, 1, . . . , n − 1}, QB,F = {n − 1}, and the
transition function gB is defined by setting

• dgB = 0, agB (i) = i+ 1, 0 ≤ i ≤ n− 2, and agA(n− 1) = 0,

• bgB (i) = egB (i) = i, 0 ≤ i ≤ n− 1, and,

• cgB (i, j) is defined as the right side of equation (4) for 0 ≤ i, j ≤ n− 1.

Roughly, speaking the DTA A counts unary symbols b modulo m and B counts unary symbols
a modulo n. The operation on the binary symbols defined by conditions (4) is less intuitive and is
designed to guarantee that all states of the DTA constructed in the proof of Lemma 3.1 are reachable
and pairwise inequivalent.
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In the following, we establish that the DTA MC = (Σ, QC , QC,F , gC) constructed in the proof
of Lemma 3.1 to recognize the 2-parallel concatenation of the tree languages L(MA) and L(MB) is
minimal. This implies then that L(MA) and L(MB) provide a lower bound that reaches the upper
bound in Lemma 3.1 with k = 2.

Let MC = (Σ, QC , QC,F , gC) be the DTA for the tree language L(MA) ·p2 L(MB) constructed as
in the proof of Lemma 3.1. We denote the dead state added to the completion of MA (respectively,
completion of MB) as m (respectively n). Then, the set of states QC consists of all quadruples

(p, q, S1, S2), 0 ≤ p ≤ m, 0 ≤ q ≤ n, S1, S2 ⊆ {0, 1, . . . , n− 1},

where if p = m − 1 then 0 ∈ S1, and if S1 = ∅ and S2 = ∅ then p 6= m or q 6= n. Therefore, the
number of states of MC is (m+ 1

2) · (n+ 1) · 22n − 1. In the following two lemmas, we show that all
states of MC are reachable and pairwise inequivalent.

Lemma 3.2. All states of MC are reachable.

Proof:

Case 1: Using induction on |S1|, we first show that all the states (p, q, S1, ∅) where 0 ≤ p ≤ m,
S1 ⊆ {0, 1, . . . , n− 1}, 0 ≤ q ≤ n and p = m − 1 implies 0 ∈ S1 are reachable. Note
that if p = m − 1 then 0 ∈ S1 by the construction of MC . The DTA MC assigns the state
(0, 0, ∅, ∅) to a leaf symbol. When |S1| = 0, the state (i, j, ∅, ∅), for 0 ≤ i ≤ m − 2 and
0 ≤ j ≤ n − 1, is reachable from (0, 0, ∅, ∅) by reading a sequence of unary symbols ajbi.
Recall that (m− 1, j, ∅, ∅) is not a state of QC . The state (m, j, ∅, ∅) is reached by reading the
unary symbol e in state (0, j, ∅, ∅). The state (i, n, ∅, ∅) is reachable by reading a binary symbol
c with two states (i, j1, ∅, ∅) and (i, j2, ∅, ∅) such that j1 6= j2, j1 6= 0 and j2 6= 0.

For an integer x ≥ −n, we denote x = x if x ≥ 0, and x = n+ x if 0 ≥ x ≥ −n.

Let us inductively assume that for |S1| ≤ x, all the states (i, j, S1, ∅) where 0 ≤ i ≤ m, 0 ≤
j ≤ n are reachable. Then, we show that any state (i′, j′, S′1, ∅), for 0 ≤ i′ ≤ m, 0 ≤ j′ ≤ n
and |S′1| = x+ 1, is reachable.

(i) First, consider the case when i′ 6= m − 1. Let S′1 = {s1, s2, . . . , sx+1} where s1 > s2 >
· · · > sx > sx+1. Let P = {s1 − sx+1, s2 − sx+1, . . . , sx − sx+1}. There are two cases to
consider as follows:

(ia) Case 0 ≤ j′ ≤ n− 1: According to the inductive assumption, the state (0, j′ − sx+1, P, ∅)
is reachable. Then the state (m−1, j′ − sx+1, P ∪{0}, ∅) is reachable from (0, j′ − sx+1, P, ∅)
by reading a sequence of unary symbols bm−1. We reach the state (i′, j′, S′1, ∅), 0 ≤ i′ ≤ m− 2
from (m−1, j′ − sx+1, P ∪{0}, ∅) by reading a sequence of unary symbols bi

′+1asx+1 . Lastly,
the state (m, j′, S′1, ∅) is reachable by reading a unary symbol e from (m− 1, j′, S′1, ∅).

(ib) Case j′ = n: According to the inductive assumption, the state (0, n, P, ∅) is reachable.
Then the state (m − 1, n, P ∪ {0}, ∅) is reachable from (0, n, P, ∅) by reading a sequence of
unary symbols bm−1. Now the state (i′, n, S′1, ∅), 0 ≤ i′ ≤ m − 2 is reachable from (m −
1, n, P ∪ {0}, ∅) by reading a sequence of unary symbols bi

′+1asx+1 .
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(ii) Now consider the case when i′ = m − 1. By the construction, 0 ∈ S′1 if i′ = m − 1. We
know that the state (m− 2, j′, S′1 −{0}, ∅) is reachable by the inductive assumption. Then, the
state (m− 1, j′, S′1, ∅) is reachable by reading a unary symbol b from (m− 2, j′, S′1 − {0}, ∅).

Case 2: Using induction on |S2|, we show that all the states (p, q, ∅, S2) where 0 ≤ p ≤ m, p 6= m−1,
S2 = {0, 1, . . . , n − 1} and 0 ≤ q ≤ n are reachable. From Case 1 we know that all states
(p, q, ∅, ∅) for 0 ≤ p ≤ m, p 6= m−1, 0 ≤ q ≤ n are reachable. Let us assume that for |S2| ≤ x,
all the states (i, j, ∅, S2), 0 ≤ i ≤ m, 0 ≤ j ≤ n, S2 ⊆ {0, 1, . . . , n − 1} are reachable. We
show that any state (i′, j′, ∅, S′2), 0 ≤ i′ ≤ m, 0 ≤ j′ ≤ n, |S′2| = x+ 1 is reachable.

(iii) We first consider the case when i′ 6= m− 1. Let S′2 = {s1, s2, . . . , sx+1} where s1 > s2 >
· · · > sx > sx+1. We separate the following subcases:

(iii-a) Case 0 ≤ j′ ≤ n− 1 and j′ ∈ S′2: Let

P = {s1 − sl, s2 − sl, . . . , sl−1 − sl, sl+1 − sl, . . . , sx − sl, sx+1 − sl}.

It is clear that 0 /∈ P and |P | = x. Assume that j′ = sl such that 1 ≤ l ≤ x + 1 since
j′ ∈ S′2. We already have shown that the state (i′, 0, P, ∅) is reachable. We choose a tree
t = aj

′
c(x, x) ∈ FΣ′ and consider the computation of MC on t(x ← (i′, 0, P, ∅)). Here Σ′

consists of elements of Σ with an auxiliary nullary symbol x and, thus, t(x ← (i′, 0, P, ∅)) is
a configuration of MC . The DTA MC reaches (i′, 0, ∅, P ∪ {0}) after computing the binary
symbol c and moves to (i′, j′, ∅, S′2) by reading a sequence of unary symbols aj

′
. Now we know

the state (i′, j′, ∅, S′2) is reachable when j′ ∈ S′2.

(iii-b) Case 0 ≤ j′ ≤ n− 1 and j′ /∈ S′2: First note that |S′2| ≤ n− 1 in this case since j /∈ S′2.
Let

P = {s1 − sx+1, s2 − sx+1, . . . , sx − sx+1}.

From Case 1 above, we know that the state (i′, j′ − sx+1, P, ∅) is reachable. Choose a tree
t = asx+1c(x, x) ∈ FΣ′ . Then, the computation of MC on t(x ← (i′, j′ − sx+1, P, ∅)) reaches
the state (i′, j′, ∅, S′2).

(iii-c) Case j′ = n: Choose the same tree t = asx+1c(x, x) ∈ FΣ′ as in (iii-b) and consider the
computation on t(x← (i′, n, P, ∅)). We can verify that MC assigns the state (i′, n, ∅, S′2) to the
root of t.

(iv) Now consider the case when i′ = m− 1. Again, according to the construction, in this case
0 must be in the third component of the state and hence (m− 1, j′, ∅, S′2) is not a state of MC .

Case 3. Finally, we move to the last step of the proof. Above in Case 2 we have shown that any
state (i, j, ∅, S2), 0 ≤ i ≤ m, 0 ≤ j ≤ n, S2 ⊆ {0, 1, . . . , n − 1} is reachable. Inductively
assume that for |S1| ≤ x, all the states (i, j, S1, S2) where 0 ≤ i ≤ m, 0 ≤ j ≤ n, S2 ⊆
{0, 1, . . . , n − 1} are reachable. Then, we show that any state (i′, j′, S′1, S

′
2), 0 ≤ i′ ≤ m, 0 ≤

j′ ≤ n, |S′1| = x+ 1, S′2 ⊆ {0, 1, . . . , n− 1} is reachable using induction on |S′1|.
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(v) Analogously with Case 1 (i) and Case 2 (iii), we first consider the situation where i′ 6= m−1.
Let S′1 = {s1, s2, . . . , sx+1} where s1 > s2 > · · · > sx > sx+1 and S′2 = {t1, t2, . . . , ty}
where t1 > t2 > · · · > ty and 0 ≤ y ≤ n. We also denote

P1 = {s1−sx+1, s2−sx+1, . . . , sx−sx+1} and P2 = {t1 − sx+1, t2 − sx+1, . . . , ty − sx+1}.

There are two subcases to consider as follows:

(v-a) Case 0 ≤ j′≤ n−1: According to the inductive assumption, the state (0, j′ − sx+1, P1, P2)
is reachable. Then the state (m−1, j′ − sx+1, P1∪{0}, P2) is reachable from (0, j′ − sx+1, P1,
P2) by reading a sequence of unary symbols bm−1. We reach the state (i′, j′, S′1, S

′
2), 0 ≤ i′ ≤

m−2 from (m−1, j′ − sx+1, P1∪{0}, P2) by reading a sequence of unary symbols bi
′+1asx+1 .

The state (m, j′, S′1, S
′
2) is reachable by reading a unary symbol e from (m− 1, j′, S′1, S

′
2).

(v-b) Case j′ = n: According to the inductive assumption, the state (0, n, P1, P2) is reachable.
Then the state (m− 1, n, P1 ∪ {0}, P2) is reachable from (0, n, P1, P2) by reading a sequence
of unary symbol bm−1. Now the state (i′, n, S′1, S

′
2), 0 ≤ i′ ≤ m − 2 is reachable from (m −

1, n, P1 ∪ {0}, P2) by reading a sequence of unary symbols bi
′+1asx+1 .

(vi) Now consider the case when i′ = m− 1. Recall that 0 ∈ S′1 if i′ = m− 1. The state (m−
2, j′, S′1−{0}, S′2) is reachable by the inductive assumption. Then, the state (m− 1, j′, S′1, S

′
2)

is reachable by reading a unary symbol b from (m− 2, j′, S′1 − {0}, S′2).
ut

Note that in the proof of Lemma 3.2, Case 3 has similarities with Case 1. We need to prove Case 1
first because it is needed to establish Case 2, which in turn is used for Case 3.

Lemma 3.3. All states of MC are pairwise inequivalent.

Proof:
Let (i1, j1, S1,1, S1,2) and (i2, j2, S2,1, S2,2) be any distinct states of MC .

(i) First, we consider the case when j1 6= j2. We establish that (i1, j1, S1,1, S1,2) and (i2, j2, S2,1,
S2,2) are inequivalent by the computation of MC on the tree t = an−1−j1c(q, (m, ∅, ∅, {j1})) ∈ FΣ′ .
Let us consider the computation of MC on t(q ← (i1, j1, S1,1, S1,2)). The DTA MC reaches the state
(m,n, ∅, {n − 1}), which is a final state of MC , after the computation. However, the computation of
MC on t(q ← (i2, j2, S2,1, S2,2)) does not.

(ii) Next consider the case S1,1 6= S2,1. Without loss of generality, we have a state s ∈ S1,1−S2,1.
Then, we choose a tree t = an−1−sc(q, (m,n, {s}, ∅)) and consider the computations of MC on
t(q ← (i1, j1, S1,1, S1,2)) and t(q ← (i2, j2, S2,1, S2,2)). The former computation reaches the state
(m,n, ∅, {n− 1}), which is a final state of MC whereas the latter does not.

(iii) Third assume that S1,2 6= S2,2 and consider s ∈ S1,2−S2,2. Choose a tree t = an−1−sc(q, (m,
s, ∅, ∅)). Then, the computation on t(q ← (i1, j1, S1,1, S1,2)) reaches a final state whereas the com-
putation on t(q ← (i2, j2, S2,1, S2,2)) does not.
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(iv) Finally, assume i1 6= i2. Choose a tree t = c(q, (i1, n, ∅, ∅)) and consider two computations
t(q ← (i1, j1, S1,1, S1,2)) and t(q ← (i2, j2, S2,1, S2,2)) in the DTA MC ; we have (i1, n, ∅, ∅) and
(m,n, ∅, ∅), respectively, as the results of the computations. After reading a sequence of unary sym-
bols bm−1−i1 , the former state reaches (m− 1, n, {0}, ∅) while the latter state is still a sink state. ut

We can now state our main result.

Theorem 3.4. If A and B are DTAs with m and n states, respectively, then the tree language L(A) ·pk
L(B) can be recognized by a DTA with (m + 1

2) · (n + 1) · 2nk − 1 states. For every m,n ≥ 2 and
k = 1 or k = 2, there exist DTAs A and B with m and n states, respectively, such that any DTA
recognizing L(A) ·pk L(B) needs (m+ 1

2) · (n+ 1) · 22nk − 1 states.

Proof:
The upper bound follows from Lemma 3.1. The lower bound for k = 2 follows by Lemmas 3.2
and 3.3.

The lower bound for k = 1 follows from the tight lower bound for sequential concatenation [11].
Note that the sequential σ-concatenation of [11] differs from 1-parallel concatenation in the sense that
the former specifies a particular nullary symbol where the substitutions must be performed. However,
the corresponding lower bound construction ([11] Theorem 5) uses as the second component a tree
language defined over a ranked alphabet with only one nullary symbol, which means that the same
lower bound applies for 1-parallel concatenation. ut

We conjecture that the upper bound of Lemma 3.1 is tight for general values of k, but we do not
have a proof for this claim.

4. Concatenation of a regular tree language with FΣ

As a special case we consider the k-parallel tree concatenation of a regular tree language and the set
of all trees FΣ. We derive for all k ≥ 1 a tight state complexity bound that is significantly lower than
the upper bound of Theorem 3.4 with n = 1.

The tree language L(A)·pkFΣ consists of Σ-trees with at least k “independent” subtree occurrences
of the trees in L(A). The independence of the subtree occurrences means that we do not count twice
if a large subtree belonging to L(A) contains subtrees that are also in L(A). This observation is
formalized in the lemma below.

Lemma 4.1. Let L be a tree language defined over Σ and k ∈ N. Then, L ·p≥k FΣ = L ·pk FΣ.

Proof:
From the definition of the operations, it is clear that, for any L1 and L2, L1 ·pk L2 ⊆ L1 ·p≥k L2. For the
converse inclusion, consider a tree t0 ∈ L ·p≥kFΣ that is obtained by substituting j trees t1, . . . , tj ∈ L
for leaf nodes u1, . . . , uj of a tree s ∈ FΣ, where j > k. (If j = k we have nothing to prove.) Denote
r = s(uk+1 ← tk+1, . . . , uj ← tj). Now t0 = r(u1 ← t1, . . . , uk ← tk) ∈ L ·pk r ⊆ L ·

p
k FΣ. ut
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The set FΣ is recognized by a one state DTA and with n = 1 Lemma 3.1 yields an upper bound
(m+ 1

2) · 2k+1− 1 for the k-parallel concatenation of an m-state DTA and FΣ. The following lemma,
together with Lemma 4.1, yields an improved upper bound that is then shown to be tight.

Lemma 4.2. Let k ∈ N and let A be a DTA with m states. The tree language L(A) ·p≥k FΣ can be
recognized by a DTA of size m+ k.

Proof:
LetA = (Σ, Q′, QF , g) be the completion ofA. Thus, ifQ is the state set ofA, we haveQ′ = Q∪{d}
and |Q′| = m+ 1. We construct a DTA B = (Σ, P, PF , h) for the tree language L(A) ·p≥k FΣ, where

P = (Q′ −QF ) ∪ {1, . . . , k}, PF = {k},

where without loss of generality Q′ ∩ {1, . . . , k} = ∅. The transitions of h are defined as follows. For
σ ∈ Σ0, we define σh = σg if σg 6∈ QF and σh = 1 if σg ∈ QF .

For σ ∈ Σr, r ≥ 1, and pi ∈ P, i = 1, . . . , r, we define σh(p1, . . . , pr) to be

σh(p1, . . . , pr) =



σg(p1, . . . , pr) if p1, . . . , pr ∈ Q′, and σg(p1, . . . , pr) /∈ QF ,

1 if p1, . . . , pr ∈ Q′ and σg(p1, . . . , pr) ∈ QF ,

min{k,
∑r

i=1 xi} if {p1, . . . , pr} ∩ {1, . . . , k} 6= ∅

where xi =

{
pi if pi ∈ {1, . . . , k},
0 if pi ∈ Q′ −QF .

Note that σh(p1, . . . , pr), for pi ∈ P , i = 1, . . . , r, is never in QF (as required by the choice of
states of B). The computation of the DTA B directly simulates the computation of the DTA A until
a final state of A is reached. Once a final state of A is reached, the state of B becomes 1, and the
integers from 1 to k are used to count the number of independent subtrees of L(A) that have been
encountered. When the computation of B reaches a node labeled by σ in states p1, . . . , pr some of
which are in {1, . . . , k} and others are states of A, according to the definition of σh(p1, . . . , pr) only
the elements of {1, . . . , k} are summed up and the states of Q′ −QF have no effect in the remainder
of the computation. However, for this purpose we needed to add the dead state d to the original DTA
A because in such a situation the computation should not become blocked at an earlier undefined
transition. Notice also that if the input tree has more than k independent subtrees of L(A), then the
DTA B just remembers the number as k since, by the definition of the operation ·p≥k there is no need
to count beyond the number k. The DTA B accepts the tree language L(A) ·p≥k FΣ by arriving at the
final state k.

Since |P | = |Q′| − |QF | + k and (except when L(A) = ∅), |QF | ≥ 1, an upper bound for the
number of states of B is m+ k. ut

We give a lower bound construction that matches the upper bound of Lemma 4.2. We choose
a ranked alphabet Σ = Σ0 ∪ Σ1 ∪ Σ2, where Σ0 = {c},Σ1 = {a}, and Σ2 = {b}. Let MA =
(Σ, QA, QA,F , gA) be a DTA, where QA = {0, 1, . . . ,m− 1}, QA,F = {m− 1}, and the transition
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function gA is defined by setting

cgA = 0, agA(i) = i+ 1, 0 ≤ i ≤ m− 2, and agA(m− 1) = 0.

The DTA MA recognizes a unary tree language L(MA) = { as(c) | s ≡ −1 (mod m) }.

Let MB = (Σ, QB, QB,F , gB) be the DTA for the tree language L(MA) ·p≥k FΣ constructed as in
the proof of Lemma 4.2. In the construction of MB , we denote the dead state added to MA as m. The
state set of MB is then chosen to be {1, . . . ,m,m+1, . . . ,m+k}, where the states used for counting
the subtree occurrences of L(MA) are the integers from m+ 1 to m+ k. In the following lemma, we
show that the DTA MB is minimal.

Lemma 4.3. All states of MB are reachable and pairwise inequivalent.

Proof:
First we show that all the states i where 0 ≤ i ≤ m, i 6= m − 1 are reachable. The DTA MB assigns
the state 0 to a leaf symbol. Then, the state i, where 0 ≤ i ≤ m− 2, is reachable from 0 by reading a
sequence of unary symbols ai. Since the computation of the binary symbol b is not defined in gA, the
state m is reachable by reading a binary symbol b with two states that are both 0.

We show that all the states i for m+ 1 ≤ i ≤ m+ k are reachable using induction on i. The state
m + 1 is reachable from m − 2 by reading a unary symbol a. Let us inductively assume that all the
states m+ 1,m+ 2, . . . i, where i < m+k are reachable. Then the state i+ 1 is reachable by reading
a binary symbol b with states i and m+ 1. Thus, all states of MB are reachable.

Now we show that any two states of MB are pairwise inequivalent. Without loss of generality, let
i and j be any distinct states of MB such that i > j.

(a) Case i > m: Consider a tree t = b(x, 2m + k − i) with one leaf labeled by symbol x and
consider the computations of MB on t(x ← i) and t(x ← j). The former computation reaches the
final state m+ k of MB whereas the latter does not. Therefore, any two states i and j are inequivalent
if i > m.

(b) Case i ≤ m: By reading a sequence of unary symbols am−1−i, the state i reaches the state
m + 1 while j reaches m − 1 − i + j. Now m + 1 > m − 1 − i + j and, by the previous step, the
states m+ 1 and m− 1− i+ j are inequivalent. ut

Combining Lemmas 4.1, 4.2 and 4.3 we have:

Theorem 4.4. Let A be a DTA with m states. The tree language L(A) ·p≥k FΣ = L(A) ·pk FΣ is
recognized by a DTA with m+ k states, and this bound can be reached in the worst-case.
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