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Abstract

The oritatami system (OS) is a model of computation by cotranscriptional folding, being inspired by the recent experi-
mental success of RNA origami to self-assemble an RNA tile cotranscriptionally. The OSs implemented so far, including
the binary counter and Turing machine simulator, are deterministic, that is, uniquely fold into one conformation, while
nondeterminism is intrinsic in biomolecular folding. We introduce nondeterminism to the OS and propose a nondeter-
ministic OS (NOS) that chooses an assignment of Boolean values nondeterministically and evaluates a logical formula on
the assignment. This NOS is seedless in the sense that it does not require any initial conformation like the RNA origami.
The NOS enables proving the coNP-hardness of deciding, given two NOSs, if there exists no conformation that one of them

folds but the other does not.

Keywords Oritatami system - Self-assembly - RNA cotranscriptional folding - Nondeterminism

1 Introduction

In nature, a one-dimensional RNA sequence—a primary
structure—folds itself autonomously into a highly dimen-
sional secondary structure. It has been a constant quest to
predict the secondary structure from a given primary
structure, and based on experimental observations,
researchers have established various RNA structure-pre-
diction models including RNAfold (Zuker and Stiegler
1981), Pknots (Rivas and Eddy 1999), mFold (Zuker 2003)
and KineFold (Xayaphoummine et al. 2005). Traditional
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models tend to rely on the energy optimization of the whole
structure.

Recently, biochemists showed that the kinetics—the
step-by-step dynamics of a reaction—plays an essential
role in the geometric shape of the RNA foldings (Frieda
and Block 2012), since the folding caused by intermolec-
ular reactions is faster than the RNA transcription rate (Lai
et al. 2013). By controlling cotranscriptional foldings,
researchers succeeded in cotranscriptionally assembling a
rectangular tile out of RNA, which is called RNA origami
(Geary et al. 2014), as depicted in Fig. 1. From this kinetic
point of view, Geary et al. (2016) proposed a new folding
model called oritatami. In general, an oritatami system
(OS) defines a sequence of beads (which is the primary
structure) and a set of rules for possible intermolecular
reactions between beads. For each bead in the sequence,
the system takes a look ahead at a few upcoming beads and
determines the best location of the bead that maximizes the
number of possible interactions from the look ahead. Note
that the look ahead represents the reaction rate of the
cotranscriptional folding and the number of interactions
represents the energy level. In an OS, we call the secondary
structure the conformation, and the resulting secondary
structure the terminal conformation.
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Fig. 1T RNA origami (Geary et al. 2014). The artwork is by Cody
Geary

Geary et al. implemented an OS to count in binary
(Geary et al. 2016) and an OS to simulate a cyclic tag
system (Geary et al. 2015). These OSs uniquely fold into
one conformation, and in this sense, they are deterministic.
The binary counter and the cyclic tag system are all
deterministic systems and thus successfully implemented
by deterministic OSs, but it becomes challenging to
implement a nondeterministic system using a deterministic
OS. For example, if we want to implement a nondeter-
ministic finite automaton (NFA) by a deterministic OS
without converting an NFA to a deterministic finite
automaton (DFA), we would need an exponential number
of OSs with different seeds and primary structures to
simulate all possible cases. Thus, we introduce nondeter-
minism to the OS, which is intrinsic in biomolecular
folding and helpful to implement nondeterministic systems
within one OS. We define the nondeterministic OS (NOS)
in this paper, and examine its power. It turns out that
nondeterminism can be made use of for OSs to execute
randomized algorithms. We propose an NOS that evaluates
a Boolean formula in disjunctive normal form (DNF for-
mula) on a nondeterministic assignment. This NOS is, in
fact, seedless like the RNA origami.

For computational models such as NFA, PDA (push-
down automata) or Turing machines, it is a fundamental
question to ask whether or not two different systems of the
model are equivalent, where the definition of equivalence
is dependent on the model. The reachability problem is
another fundamental problem to decide whether or not a
certain state of a system is reachable from a given initial
state of the system. We introduce these problems for the
OS and exploit the NOS to prove their hardness. We pro-
pose two decision problems.

1. Oritatami system equivalence problem (OSEQP):
Decide if two nondeterministic OSs have the same
set of terminal conformations.

2. Oritatami reachability problem (ORP):. Decide if a
given nondeterministic OS has a terminal conforma-
tion reaching a given point.

We prove the coNP-hardness of the OSEQP and NP-
hardness of the ORP.
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2 Preliminaries

Let X be a set of bead types, and X be the set of finite
strings of beads, i.e., strings over X, including the empty
string 4. Let w =aja,---a, be a string of length n for
some integer n and bead types ay, .. .,a, € 2. The length of
w, which is n, is denoted by Iwl. For two indices i, j with
1<i<j, we let w[i,j] refer to the substring
@;Qiy1 " Amin()s if £ = j, then we simplify the notation as
wli]. We use w" to denote the string ww - - - w.

——

n

OSs operate on the hexagonal lattice, where there exists
a triplet of points neighboring each other. The grid graph
(V, E) of the lattice V is the graph whose vertices corre-
spond to the lattice points and are connected if the corre-
sponding lattice points are at a unit distance hexagonally.
For a point p and a bead type a € X, we call the pair
(p, a) an annotated point, or simply a point if being
annotated is clear from the context. Two points p, g [or
annotated points (p, a), (g, b)] are adjacent if (p,q) € E.

A path is a sequence P = pp; - - - p, of pairwise-distinct
points py,pa, ..., p, such that p;p;;; is at unit distance for
all 1 <i<n. Given a string w € 2* of bead types of length
n, a path annotated by w, or simply w-path, is a sequence
P,, of annotated points (pi,w[l]), ..., (ps,w[n]), where
p1 -+ Py is a path and (p;, wli]), (pit1, w[i+1]) are adjacent
for all i’s. Annotated points of the w-path are regarded as a
bead, and hence, we call them beads and, in particular, we
call the ith point (p;, wli]) the ith bead of the w-path.

Let H C 2 x 2 be a symmetric relation, specifying
which types of beads can form a hydrogen bond-based
interaction (h-interaction for short). This relation H is
called the rule set. It is convenient to assume a special inert
bead type e € X that never forms any h-interaction
according to H.

A conformation C is a pair of a w-path P, =
(p1,w[1]) (p2,w[2]) - - - and a set H of h-interactions, where
HC {{la.]} | 1< l7l+2§]7 (pi7pj) € E} and {la.]} €H
implies that the ith and jth beads of the w-path form an A-
interaction between them. An example conformation is
found in Fig. 2(right). The condition i 4+ 2 <j represents
the topological restriction ~ that  two  beads
(pi, wli]), (pis1, wli+1]), following each other along the w-
path, cannot form an h-interaction between them. The
condition that p; be adjacent to p; prevents two beads from
forming an A-interaction unless they are at unit distance.
We say C is finite if its path is finite. From now on, when a
conformation is illustrated, any unlabeled bead is assumed
to be labeled with e, that is, inert. For an integer o > 1, C is
of arity o if none of its beads interact with more than o
beads. On the hexagonal lattice where every point is
adjacent to six points, o > 6 is merely meaningless, but on
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Fig. 2 (Left) An example of an RNA tile assembled by RNA origami. (Right) A conformation abstracting the RNA tile in the OS. The directed
solid line represents a path, dots represent beads, and dotted lines represent A-interactions. The idea and artwork were provided by Cody Geary

another lattice larger os may. Let C, be the set of all
conformations of arity — a.

A rule (a, b) in the rule set H is used in the confor-
mation C if there exists {i,j} € H such that w[i] = a and
wlj] = b or w[i] = b and w[j] =a. A conformation C is
valid (with respect to H) if for all {ij} €H,
(w[i],w]j]) € H. In a context with one fixed rule set, only
valid conformations with respect to the rule set are con-
sidered, and we may not specify with respect to what rule
set they are valid.

Given a rule set H and a valid finite conformation C; =
(P, H) with respect to H, we say that another conformation
C, is an elongation of C; by a bead ac X if C;, =
(Py - (p,a),H U H') for some lattice point p and (possibly
empty) set of h-interactions H' C {{i,|w|+ 1} | 1<i<
[wl, (w[i],a) € H, (pi,p) € E}. Note that C, is also valid.
For a conformation C and a finite string w € 2*, by £(C, w),
we denote the set of all elongations of C by w, that is,
E(C,w) ={C" €C|C—} C'}. For an arity «, let £,(C,
w) =E&(C,w)NC,.

2.1 Oritatami system

An OS is a 5-tuple & = (H,a,d,a,w), where H is a rule
set, o is an arity, d > 1 is a positive integer called the delay,
o is an initial valid conformation of arity o called the seed,
and w is a possibly-infinite string of beads called a primary
structure.

The delay d, arity-a OS E cotranscriptionally folds its
primary structure in the following way. For a string x € X*,
a conformation Cj, and an elongation C;, of C; by x[1], we
say that = (cotranscriptionally) folds x upon C; into
C, if
C; € argmin min{AG(C') | C' € £,(C,x[2,d]))},

Ce&,(Cyx[1])

(1)

where AG(C') is an energy function that assigns C’ with
the negation of the number of h-interactions within C’ as
energy. Informally speaking, C, is a conformation obtained
by elongating C; by the bead x[1] so as for the beads

x[1],x[2],...,x[d] to create as many h-interactions as pos-

sible. Then we write C; <i>xC2, and the superscript Z is
omitted whenever = is clear from the context. Through the
folding, the first bead of x is stabilized. In figures, we
conventionally color x—the fragment to be stabilized—in
violet.

Example 1 (Glider) Let us explain how an OS cotran-
scriptionally folds a motif called the glider. Gliders offer a
directional linear conformation and have been heavily
exploited in the existing studies on OS (Geary et al. 2015).
Consider a delay-3 OS whose seed is the black confor-
mation in Fig. 3a, primary structure is w = (b e ace
bdecaed)’, and the rule set is H = {(a,a),(b,b),
(c,e), (d.d)}.

By the fragment w[l,3] =bea, the seed can be
elongated in many ways; three of them are shown in
Fig. 3a. The only bead on the fragment that may form a
new h-interaction is a (b is also capable according to H but
no other b is around). In order for the a to get next to the
other a, on the seed, the b on the fragment must be located
to the east of the last bead of the seed; thus, the b is
stabilized there, as shown in Fig. 3b. The stabilization
transcribes the next bead w[4] = c. The sole other ¢ around
is on the seed, but is too far for the c just transcribed to get
adjacent to it. Thus, the only way for the fragment
w[2,4] = eac to form an h-interaction is to put the two as
next to each other as before, and for that, the e must be
located to the southeast of the preceding b as shown in
Fig. 3c. The next bead to be transcribed, w[5], is inert, and
hence, cannot override the previous decision. The first six
beads have been thus stabilized as shown in Fig. 3d, and
the glider has thus moved forward by a distance of 2.

It is easily induced inductively that gliders of arbitrary
“flight distance” d can be folded by a delay-3 OS; such
long-distance gliders have been used in Geary et al. (2015).
Moreover, as suggested in Fig. 3, a constant number of
bead types are enough for that (in this example,
a,b,c,d,e).

Gliders also provide a medium to propagate I-bit
information at arbitrary distance. The height (up or down)
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(a)

Fig. 3 A glider folded by a delay-3 OS. a Three ways to elongate the
current conformation by the fragment b ® @ among many. b The three
most stable elongations by the fragment eac. ¢ Three ways to elongate

of the first bead determines whether the last bead is
stabilized up or down after the glider traverses the distance
d. For instance, the glider in Fig. 3 launches up and thus its
last bead (the second b) also comes up after traveling the
distance d =2; being launched down implies being
terminated down. This capability has been exploited for
an OS to simulate a cyclic tag system for Turing
universality (Geary et al. 2015) and the NOS that we shall
propose in Sect. 3 also uses it.

The set F(Z) of all conformations foldable by Z is now
defined recursively as follows: ¢ € F(E), and if C; €

E,(a,w[1,1]) is in F(Z) and Ciyip1ieqCist, then
Cit1 € F(E). A finite conformation C; € &,(a,w][l,i])
foldable by Z is terminal if one of the following conditions
holds:

1. The primary structure w is finite and i = |w|;
2. Either w is infinite or i<|w|, and there exists no

conformation C;, such that C,-(i>w[i+]7,‘+(;} Ciii.

Note that the conformation in Fig. 4f is terminal by the
second condition. By F(Z), we denote the set of all
terminal conformations foldable by Z=.

Fig. 4 The two cases in which
cotranscriptional folding
considers “halfway”
elongations. b, e Two most
stable elongations of the current
conformation (a), the one in e is
a halfway elongation. b—d How
the primary structure is fully
transcribed and folded. e, f The
alternative, in which the last g-
bead cannot be transcribed due
to the lack of space. The
conformations in d and f are
both terminal, though the one in
f is “shorter”
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(d)

the current conformation by the fragment ace among many. d The
stabilization of b e ac e b

The OS Z is deterministic if any foldable conformation
C; € E,(a,w[l,i]) is either terminal or admits a unique

conformation Cj;; such that C,-<i>w[,-+1,,-+5]C,-+1, that is,
every bead is stabilized uniquely. For example, the system
in Fig. 4 is nondeterministic. Note that nondeterministic
systems fold into multiple terminal conformations as sug-
gested in Fig. 4. On the other hand, finite deterministic
systems fold into exactly one terminal conformation by
definition. Thus, an OS is deterministic if and only if the
system folds into one terminal conformation. Given a
delay-6 OS whose primary structure is of length n, it is
decidable in O(5°n) time whether the OS is deterministic
or not. Indeed, it suffices to run the OS and checks whether
it encounters nondeterminism or not.

Example 2 (Assignor) Let us exhibit here how nondeter-
minism is used in the OS that we shall propose, or more
particularly, in its module called the assignor. The OS is of
delay 3, with a rule set including (10°°,32),(10°%,92),
(12°P,3°) (12°P,92), (12°®,4?). The OS folds the assignor
uniquely as shown in Fig. 5a, up to its fourth last bead. The
last three beads of the assignor are 10°®, 11°® and 12°P.
The fragment 10°°—11°*—12° can be folded in two
ways equally stably with three h-interactions as shown in

End of primary structure
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Fig. 5 An assignor folded by a delay-3 OS. While stabilizing the bead
10°®, two elongations equally give three interactions and the bead
nondeterministically stabilizes at two different points. The bead 10°®
is stabilized nondeterministically at two different points because the
two elongations in bl and b2 equally give three interactions. a The
conformation up to the fourth last bead. b1, b2 Two ways to elongate
the current conformation by the fragment 10°°—11°—12°®, cl, ¢2
Ways to elongate the current conformation by the fragment
11°2—12°®. d1, d2 Two final conformations

Fig. 5(b-1), (b-2). The bead 10°® is stabilized accordingly
in the two ways shown in Fig. 5(c-1), (c-2). The remaining
beads 11°® and 12°° are stabilized uniquely one after
another as shown in Fig. 5(d-1), (d-2). As a result, the
assignor nondeterministically stabilizes the last bead 12°°
up or down. In our NOS, this nondeterministic assignment
of 1-bit information is propagated by gliders in the way
mentioned in Example 1.

We say that an OS is seedless if its seed is (1,0). A
seedless OS can start folding at any point of the lattice. If a
conformation C is foldable, then any of its congruence, that
is, a conformation obtained by applying a combination of
translation, rotation, and reflection to C is also foldable.
Therefore, fixing the first bead to the origin of the lattice
and the second bead to one specific neighbor of the origin
does not cause any loss of generality. In this sense, we can
regard an OS with a seed of at most two beads seedless.
Furthermore, a seed of three beads can make an OS

seedless. Imagine an OS whose seed consists of two beads.
If an elongation of the seed by the first bead is foldable,
then its reflection across the seed, which is just a line
segment, is also foldable. Hence, if the first bead is stabi-
lized uniquely, then it can be rather considered as a part of
the seed. That is the case for the OS we shall propose in
Sect. 3. In this sense, the OS is seedless.
We formally define the equivalence of two OSs.

Definition 1 Two OSs Z; and Z, are equivalent if
Fo(E1) = Fo(Z,), namely, if two OSs fold the same set
of terminal conformations.

Then, we define oritatami System Equivalence Problem.

Definition 2 Given two OSs Z; and Z,, the OSEQP is
used to determine whether or not they are equivalent.

Given a constant delay d, the OSEQP can be solved in
linear time for the class of delay-d deterministic OSs. On
the other hand, the problem for NOSs turns out to be coNP-
hard even for delay-3 OSs, and we shall prove the hardness
in Sect. 3.

3 Seedless NOS as a DNF verifier

We propose a seedless NOS that evaluates a given DNF
formula, i.e., a Boolean formula in the disjunctive normal
form, and then make use of it to prove the coNP-hardness
of deciding if two given NOSs are equivalent even under a
strict constraint— a difference of just one rule in the rule
set.

A DNF formula ¢ is written as \/,_,., C: for some
clauses Cy, ..., C, that is a logical AND (A) of some of the
Boolean variables vy, .. .,v,, and their negations. The DNF
tautology problem asks if a given DNF formula is evalu-
ated to TRUE on all possible assignments. The problem is
coNP-hard, since it can be polynomially reduced from the
dual problem of the satisfiability problem, which is NP-
complete (Kleinberg and Tardos 2011).
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Algorithm 1: Evaluate a DNF formula with
m variables and n clauses formula on a nonde-
terministically chosen assignment

1 for k=1 to n do c[k] — x

2 for i =1 to m do

3 Nondeterministically assign TRUE or FALSE into v;.
4

5

for k=1 to n do
if The k-th clause involves v; and v; = FALSE
then c[k] < U
6 else if The k-th clause involves —v; and
v; = TRUE then c[k] — U

7 for k=1 to n do
8 L if c[k] = * then return Satisfied

9 return Unsatisfied

Algorithm 1 evaluates the DNF formula ¢ on a nonde-
terministic assignment. For the ease of explanation, we
assume m is even (otherwise we just assume one more
imaginary variable that occurs nowhere). The seedless
NOS E; evaluates ¢ using this algorithm. Both its delay
and arity are set to 3 (in fact, the arity can be set to any
value larger). We conventionally use the term context to
denote beads and interactions around the current bead that
we consider during the stabilization.

3.1 Overview of the NOS

The NOS ZE, consists of modules and submodules, which
are fragments of the primary structure that folds differently
according to the context. Figure 6 gives an outline of =,.
For a given DNF formula with m variables and n clauses,
the primary structure of Z; is of the form wyww, - - - wyw,,
where we call the factors wg, wy, ..., w,, w, modules. The
NOS &, implements Algorithm 1 by the following
modules:

e Starter The starter w, folds into the glider as shown in
Fig. 7 and offers a linear scaffold of width O(n), which
serves as a “seed” for the succeeding modules. The role
of the starter corresponds to the initialization of the
array c in line 1 of Algorithm 1.

e The next modules w;(1 <i<m) consist of the follow-
ing submodules:

e Assignor The basic structure of the assignor was
explained in Example 2. It nondeterministically
stabilizes its last bead up or down, and the OS
interprets up as TRUE being assigned to v; and
down as false being assigned to v; (see Fig. 6, where
TRUE is assigned to v, for instance). The assignor
is followed by submodules called evaluators and
buffers, which occur n times alternately.

e Evaluator Each evaluator corresponds to a
clause. The kth evaluator, for Cj, takes the

@ Springer

value (T/F) assigned to v; from the left and the
evaluation from the top as inputs, and outputs
the value of v; to the right faithfully and the
updated evaluation of whether the clause Cy is
still satisfiable or not according to the value of v;
to the bottom.

e Buffer The buffer is just a glider. Buffers keep a
sufficient distance between the consecutive
submodules horizontally so as for them not to
interact with each other.

o Turner The turner is used to turn the direction of the
folding. The turner is followed by submodules
called buffers and formatters, which occur n times
alternately.

e Formatter Since evaluators output each evaluation
in two distinct formats, these outputs are reformat-
ted by formatters to be inputs for the following
evaluators.

e The folding of w; corresponds to the ith iteration of the
for-loop at line 1-4 of Algorithm 1.

e Verifier The final module w, verifies if there is a clause
still evaluated to be satisfiable, corresponding to the
termination process at line 5-7. The module is named
the verifier after this role.

3.2 Detailed construction

Note that we denote each bead in a module by its order, and
we use superscripts to indicate sets of bead types used for
different modules, i.e., 12 is used for formatters and 3° is
used for starters.

3.2.1 Starter

The conformation that the starter folds is illustrated in
Fig. 7. This module admits no other conformation, and it is
almost straightforward to design a module that folds
uniquely by hardcoding the target conformation into the
primary structure and rule set. In fact, all the rules used in
the glider in Fig. 7 are sufficient (and necessary) for the
primary structure of wy to fold into the glider. We have the
primary structure w, and the rule set H; as shown in Fig. 7.

Being thus folded, the starter exposes below n copies of
the sequence of bead types 10%2—9%2—-8%2_7%2 4t a fixed
interval (every eight points), which shall be translated by
succeeding modules as the corresponding clause being
satisfiable (denoted by x).
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Fig. 6 An overview of the NOS that evaluates a given DNF formula
¢ = (—vi A=)V (vi A=wa) V (vy), with two variables vy, v, and
three clauses Cj, C,,C3, on the assignment (vi,v,) = (T,F) that it
chooses nondeterministically. The folding starts from the purple

Fig. 7 The linear scaffold
conformation into which the
starter w, deterministically
folds. Three blue beads indicate
the seed. (Color figure online)

Context
for
assignor

Context for evaluator

3.2.2 Assignor

The first submodule of w;, for the ith zigzag, is the assignor
w,. We have the primary structure w, and rule set H, as
shown in Fig. 5. Its role is to assign a Boolean value to the
ith variable v; nondeterministically, corresponding to line 2
of Algorithm 1. The submodule folds into two different
conformations in Fig. 5, where the upper conformation
represents v; = T and the lower conformation represents
v; = F. All conformations that evaluators/formatters admit
place their first and last beads at the same height in order to
propagate the assigned value as illustrated in Fig. 8. It is
only the assignor that makes use of nondeterminism;
nondeterminism occurs nowhere else in the NOS (Fig. 9).

3.2.3 p-, n-, and e-Evaluators

Note that the evaluator takes the value assigned to v; from
the left and the evaluation from the top as inputs, and
outputs the value of v; to the right and the updated evalu-
ation to the bottom. Therefore, four distinct conformations

Context for evaluator

arrow in the starter. In the last module called the verifier, the
conformation folds to pg, since the formula is satisfied. Pink dashed
lines represent an alternate conformation that stops at pypsse When the
formula is not satisfied. (Color figure online)

Context for e-buffer ~ Context for turner

are sufficient for evaluators, and we chose those in Fig. 8.
There are three possible ways to update, depending on if Cy
includes vy, or its negation, or none of them. Hence, the OS
employs three types of evaluators: p, n, and e. For
example, as shown in Fig. 8, the p-evaluator folds into the
conformation (a) no matter how the clause has been eval-
uated so far if v{ =F, while it folds into (c) or (d) de-
pending on the evaluation if v; = T. Hence, the p-evaluator
never folds into (b). The clauses C;, C, and C; of the
formula evaluated in Fig. 6 include —wv;, v, and none of
them, respectively, and hence the first three evaluators are
of type n, p, and e, respectively. Note that evaluators
output each evaluation in two distinct formats (U;, U, for
unsatisfied, %1, *, for satisfiable), which will be reformatted
by the formatter in the succeeding zag, as 10-9-8-7 for *
and 10-9-4-3 for U. Analogously, for any 2 <i<m, the
module w; first assigns T or F randomly to v; and updates
the evaluation of clauses provided by the previous zag (of
wi_1).
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&
12

%ﬁ

Fig. 8 The possible four conformations of evaluators and formatters.
In order to propagate the Boolean value, all of the conformations start
and end at the same height. Arrows at the top and bottom denote
respectively the previous and wupdated evaluations of the

input Uy /U,

1937 694° 790°12°/10°  /

dow qm e 19

input s fxg

1771098711597 128 107/

120 = 53k mon KM 12t

(b)

Fig. 9 a The glider-like conformation that a formatter takes on the
input U; /U,. b The alternative conformation of a formatter on the
input x;/,. Blue and red interactions are for the corresponding
colored bead only. (Color figure online)

3.2.4 Turner

The turner w, is a hardcoded submodule, and the primary
structure w; and the rule set H, follow the conformation
shown in Fig. 10. Its two possible conformations let mul-
tiple possible paths arisen from the nondeterministic value
assignment to v; converge into one path (at this point, the
system is allowed to “forget” the value).

@ Springer
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corresponding clause, though they are in different formats. The
arrows from the top indicate which conformations the p-evaluator
takes, depending on whether F or T is input from the left; hence, the
p-evaluator never takes the conformation (b)

3P 0“ 128 10% 9°

Fig. 10 The two possible conformations of turners, which converge
multiple possible paths due to nondeterministic value assignment into
one path. The purple box shows the context for the next f-buffer.
(Color figure online)

3.2.5 Verifier

The verifier first folds into the conformation shown in
Fig. 11. Like the starter, this conformation is also hard-
coded; all the rules used are sufficient for the conformation
to be folded as shown in Fig. 11. We have the primary
structure w,; and the rule H,; as shown in Fig. 11. The rest
of the verifier is to thread its way from right to left through
the recess between the last zag and the floor just made by
the first part of the verifier, as shown in Fig. 6. It has the
primary structure

Wy = (22"15"16"17"18"19"20"21")"7] - (2272157216721772)

and the rule set

(ISV, 9v)’ ( 5v2 9v)7 (16v7 7f2)’ (16v27 7f2)7

(17v’ 7V)7 ( 7v2 7v)7 (17V7 7f2)7 (17‘72, 7f2)7

(17v7 sz), ( 7v2 8f2)7 (17v74f2)’ (17v274f2)7
(19¥,13Y), (217, 11Y)

HvZ =

More precisely, it is stretched straight along the floor and
once it “detects” a satisfiable clause, or the encoding of x,

e., 10£2-9%2_8f2_7%2 it is pulled up and starts being
stretched straight along the zag above. The detection is
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Fig. 11 The first part of the AV 1V 4V 1V 19f2

verifier uniquely folds thus and y, )

provides a scaffold on which the 112

rest of the verifier serves its role Formatter f-Buffer Formatter -Buffer

to verify the clauses

done by the segment 15"—16"—17"7, which we name the
probe. The probe forms two h-interactions with the floor,
but more A-interactions with the encoding of * due to the
rules (177,8%2) (177,7%2), and (16",7%2) [see Fig. 12
(Left)]. In contrast, the probe can form only one h-inter-
action with the encoding of U, as shown in Fig. 12(Middle)
due to lack of rules. As a result, the last bead of the probe is
stabilized close to the zag above (at the point pg,¢ in Fig. 6)
if and only if ¢ is satisfied by the chosen assignment. The
last probe is of distinct bead types as 1572—16"2—17"2 for
the sake of proving the hardness of the OSEQP later.

3.2.6 The ith zigzag

It now suffices to explain the module w; for the ith zigzag
(1 <i<m) into detail. Its primary structure is made up as
Walli 1 > Uip D - - D U D W Uiy Q-+ <fio <fi1, where w,
is the assignor, w; is the turner, and u;; and f;; are the
evaluator and formatter for the kth clause, respectively, and
triangles (> and <) indicate sequences of 12 beads called e-
buffers and f-buffers respectively. Buffers keep a sufficient
distance between the consecutive submodules horizontally

input
10f2 9f2 8f2 7f2

167

17 157

47 T g9 1Y 14 7Y

10f2

input U
10f2 9f2 4f2 3f2

8V

L

16Y

8" 8Y 117

9V 10V 11V 12V 13Y 14Y 7V 8Y Y 10Y\

so as for them not to interact with each other. As shown in
Fig. 6, buffers in a consecutive zig and zag may get adja-
cent to each other vertically. Should they involve a com-
mon bead type, an inter-buffer interaction could prevent
them from folding into a glider. Therefore, e-buffers and
f-buffers use pairwise-distinct sets of bead types.

3.2.7 Evaluator and formatter

The kth evaluator u; ; and the kth formatter f; ; in the ith zig
and zag cooperatively update the evaluation of whether the
kth clause is still satisfiable or already unsatisfied. The role
of formatters is auxiliary: as we already explained, the
output of evaluators (x/U) is encoded (as a sequence of
beads exposed below) redundantly, and formatters reformat
them and ensure that evaluators in the next zig suffice to be
capable of reading one sequence of beads for * and one for
U. The glider-based foundation, which we will explain
shortly, is modified in such a way that the evaluator and
formatter inherit the information transfer capability, which
enables the n evaluators for the ith zig, that is,

input U
10f2 9f2 4f2 3f2

1 7v2 "“‘ 1 6v2

167

15v2

157 177 16" 157

9 107 47 7% 8 gv  10v

Fig. 12 Detection of satisfiable clauses by the probe segment
15"—16"—17". (Left) The sequence 82—72, a part of the encoding
of *, pulls the probe strongly by three h-interactions, one more than
the number of h-interactions between the probe and the floor.
(Middle) The sequence 42—3%2 a part of the encoding of U, cannot

pull the probe as strongly as the floor does. (Right) The rule
(3%2,16"2) added to =, allows the probe for C; to be pulled upward
as well as leftward equally strongly when C; is evaluated to be
unsatisfied
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Wi1, Ui, - .., Uiy, to transfer the value nondeterministically
assigned to v; one after another.

The basic module is to fold its primary structure
1#2#... 11#12* (we use Greek letters to represent a set of
different bead types) into one of the two gliders shown in
Fig. 13 deterministically depending on the two possible
contexts (in another context, it could admit another con-
formation, but in the proposed NOS, the such context is
never encountered). It is implemented using the rule set

(2¢,117), (34,1%), (3%,3%), (3", 107),
(5%, 21, (6%, 117), (6%, 1), (6%, 10F),
(6,127, (74,107), (8", 5"), (9%, 2"),

Hm = (9#74#)7 (9H’ 7ﬂ)a (9Ha 9ﬁ)7 (9”7 11/3)’
(10", 1“), (1 14, 8“), (12“,4ﬁ)7 (12“7 6ﬁ),
(12#,85), (12#,10), (12#34), (12#, 41,

(122,7%)
where
(fb,£2,eb, {pl,nl,el}),
(eb,{p1,nl,el}, b, f1),
{( By, 1)} =
(fb,£1,eb, {p2,n2,e2}),

(eb, {p2,n2, €2}, fb, £2)

The evaluator and formatter are derived by “equipping”
the basic module with the capability of “reading” the
output of the module above; formally speaking, we add
some rules to the basic rule set H,, that attracts some factor
of the primary structure (called input reader) towards the
output so that the resulting module favors another confor-
mation over the glider. Here, one design criterion should be
noted: we designed the NOS in such a manner that a

10ﬂ/125 45/6ﬂ/85/10ﬂ

VLT

(GNP L

18 x‘-,ﬁ#

7“{3 / 9{3 /11“8

LA K

L34 e 100

107

Fig. 13 The basic module is a modification of the glider and folds its
primary structure 142*...12* into these two conformations deter-
ministically depending on whether the first bead 1* is up or down
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module (evaluator/formatter) taking a glider represents the
evaluation U. In Fig. 8, the two non-glider conformations
are illustrated. Note that these conformations properly
propagate the value (F/T) nondeterministically assigned to
v; by the assignor.

Let us focus attention on the evaluator u;;, which
evaluates the kth clause Cj according to the value nonde-
terministically assigned to v; and the evaluation made so
far by the previous evaluators u,us, ..., Ui—1x. There
are three possibilities to be taken into account depending
on whether Cj contains the positive literal v;, its negation
—w;, or none of them. That is, three types of evaluators (p,
n, and e) are needed. The p-type evaluator is supposed to
fold into the glider (U) no matter what the previous eval-
uation is if v; = F, but be capable of taking both the glider
and a non-glider conformation so as to propagate the pre-
vious evaluation as it is when v; = T, corresponding to line
4. The n-type evaluator is supposed to behave analogously,
but the roles of F and T are flipped, corresponding to line 4.
The e-type evaluator should propagate the previous eval-
uation as it is no matter which value is assigned to v;.

The evaluator u; is sandwiched from above and below
by two formatters. Since the evaluator interacts with both
of them, a bead type common in these formatters would
cause misfolding. Therefore, the NOS implements evalu-
ators in consecutive zigs using two pairwise-distinct sets of
bead types, even if they are of the identical type. This
results in, for instance, two sets of bead types {p1, p2} for
the type-p evaluators. Similarly, the NOS uses two distinct
sets of bead types for each type of evaluators and the
formatter, which we distinguish with numbers.

We propose the following two sets Hr, Hr of extra
rules, which enable the module to read the output when
v; = T and when v; = F, respectively:

Hy ={(2",97),(3",8), (4*,77), (5",10")}
where

{(ﬁv :u)} = {(f27p1), (f27 el)v (f17p2), (fla 92)}»
and

Hr = {(5%,8), (6",7F), (7,10}

where

{(B, )} ={(£2,n1), (£2,e1), (£1,02), (f1,e2)}.

Rules in Hy convert the module with sets of bead types
{p1,p2} into the type-p evaluator, while rules in Hg
convert the module with {n1,n2} into the type-n evalua-
tor. We claim that these extra rule sets do not interfere with
each other, and adding both of them converts the module
with {el, e2} into the type-e evaluator. Figure 14 shows
foldings with newly added rules.
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input *

37 N0t 90 88\

~34 4K

input *

3tb 7ﬂ\ \loﬂ g8 B \23

1 o g 19w

12eb

(b)

Fig. 14 a Folding of n-evaluators and e-evaluators when v; = F and
the input is *. Newly added rules are colored in pink. b Folding of p-
evaluators and e-evaluators when v; = T and the input is *

The outputs of an evaluator are redundant: * is encoded
as 1#10#11#12* or 7#8"9#*10* whereas U is encoded as
1#6#7#12% or 3#4*9#10*. The redundant output is refor-
matted by formatters in the ith zag so as for an input to the
evaluators in the next (i+1th) zig to be encoded in a unique
format. Unlike the evaluator, formatters do not have to
propagate 1-bit information horizontally. The conformation
of the turner fixes the first bead of the first formatter f;, in
the ith zag up. The following rule set Hormat converts the
module with sets of bead types {1, £2} into the formatter,
which takes the conformation (c) in Fig. 8 if the output of
the evaluator above is U or the conformation (d) if the
output is x:

” B (21,99), (21, 11F), (3, 8F),
£t T (30, 116), (41, 85, (4%, 1P)

where

{(B,w)} :{ (p1,£1), (n1,£1), (el, £1), }

(p2,£2), (n2, £2), (€2, £2)

Figure 9 shows foldings with newly added rules.
3.3 Construction of the primary structure

Given a DNF formula ¢ =\/,_,_, C; with m variables
Vi,V2,..., Vi, We can construct =, as follows: Z, =
(H,3,3,1%2°3° w) where H is the union of all rule sets for
modules and submodules, and w is generated by Algorithm

2.

Algorithm 2: Construct the primary structure
for =,

1 W< Ws
2 wy «— 1#2# ... 12 for
u € {pl,n1,el,p2,n2,e2,eb, fb, f1, £2}

3 for j =1 to m do
4 Wi — Wq
5 for i =1 ton do
6 if C; has v; then
7 if j is odd then w; < w; - wp;
8 else w; <« w; - wp2
9 else if C; has —v; then
10 if 7 is odd then w; «— w; - wn1
11 else w; «— w; - Wpa
12 else
13 if 7 is odd then w; «— w; - We1
14 else w; «— w; - Wea
15 Wi < Wi * Web
16 W4 <— W4+ Wt
17 for i =n to 1 do
18 if j is odd then w; «— w; - Wrywsy
19 else w; «— w; - WrpWss
20 w — w - w;

21 W — W - WylWey2 return w

We establish the following theorem for =..

—

Theorem 1 Let =, be the seedless NOS generated from
a DNF formula ¢. Then, ¢ is tautology if and only if
there is no conformation of E. that reaches the
point punsa-

4 Utilization of =, for OS decision problems

We have established a design of =, to solve the DNF
tautology problem. Now we utilize =, to solve or reduce
other problems including the OSEQP.

First, we prove the hardness of the OSEQP by variations
of Z.. Note that the size of the rule set in =, is constant,
and it takes O(nm) time to construct the primary structure
of Z; from a DNF formula with n clauses and m variables.
Thus, we can construct =, that represents the given formula
in O(nm) time. The coNP-hardness of the OSEQP is proved
by reduction from DNF tautology. We derive =;; from =,
by adding one additional rule (16"2,3%!), which makes the
verification of Z;; nondeterministic when ¢ is not tautol-
ogy as illustrated in Fig. 12. Thus, ¢ is tautology if and
only if Z; and Z;; are equivalent. This proves that the
OSEQP is coNP-hard even if two OSs are seedless and
identical except for their rule sets H;, H, such that H; C
Hz and |H2| - |H1| =1.

Theorem 2 OSEQP is coNP-hard, even if the two input
NOSs differ only in rule set, and their rule
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sets Hyi, Hy satisfy  H;=H,U{(a,b)} for
rule (a, b).

some

Next, to prove the NP-hardness of the ORP, we claim
that =; can be used to solve the SAT problem.

Definition 3 (SAT) Given a Boolean formula of CNF,
where the formula is the conjunction of clauses, with each
clause being the disjunction of variables, determine whe-
ther or not there exists an assignment that makes the for-
mula evaluate to TRUE.

It is well known that the SAT problem is NP-complete.
Note that the input formula for the SAT problem is made of
clauses and variables, same as the input formula for tau-
tology problem. Thus, we may use the same idea of =, that
represents each pair of a clause and a variable as an eval-
uator module.

Table 1 is the truth table required for the (i, k)-evaluator
for tautology and SAT problems. In the SAT case, S rep-
resents that the clause is satisfied, and * represents that the
value of the clause is not decided yet. Note that there exists
a homomorphism that maps the truth table for the SAT
problem to the truth table for the tautology problem: We
may exchange type p and n, and treat U as S. Thus, if we
encode the existence of v; in C; by a type-n evaluator, and
—v; by a type-p evaluator, =, evaluates all clauses auton-
omously. For the verification, the verifier now reaches
Punsat if all clauses returns S (which is encoded as U in the
tautology problem). Therefore, the given formula is

Table 1 Outputs of (i, k)-evaluators for tautology and SAT problems

Tautology SAT
Type Input Vi Output Type Input Vi Output
P * T * n * T *
F 9) F S
8] T 9] S T S
F 9] F S
n * T U P * T S
F * F *
U T U S T S
F 9] F S
e * T * e * T *
F * F *
8] T 9] S T
F 9] F

p-evaluator represents that v; is in the clause, n-evaluator represents
that —v; is in that clause, and e-evaluator represents that neither of
them is in the clause. In the evaluation of the clause, * represents that
the value is not yet decided, U represents that the clause is unsatisfied,
and S represents that the clause is satisfied

@ Springer

satisfiable if and only if there exists a conformation that
reaches punsat, and we establish the following theorems.

Theorem 3 Let E; be the seedless NOS generated from
a CNF formula ¢. Then, ¢ is satisfiable if and only if
there is a conformation of Z. that reaches the

point Punsat-

Theorem 4 ORP is NP-hard.

5 Conclusions

We have designed a seedless NOS that solves the DNF
tautology problem by checking if the NOS can fold a ter-
minal conformation that reaches a designated point. We
also have demonstrated the hardness of decision problems
for OSs, including the OSEQP and ORP. Since this is the
first attempt to exploit nondeterminism and seedlessness in
the design of an OS, our future work includes applying
nondeterminism and seedlessness to solve other problems.
It is an open problem whether we can design an equivalent
seedless OS from a given OS or not. Also, note that we
map an instance of DNF formulas to an NOS that is unique
to that input. This notion is called semi-uniformity (Pérez-
Jiménez et al. 2003) compared to circuit uniformity (Bor-
odin 1977), where we provide a computing device solely
according to the length of the input. Introducing circuit
uniformity to the design of OS is another open problem.
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